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ABSTRACT. For proper stacks, unlike schemes, there is a distinction between
rational and integral points. Moreover, rational points have extra automor-
phism groups. We show that these distinctions exactly account for the lower
order main terms appearing in precise counts of elliptic curves over function
fields, answering a question of Venkatesh in this case. More generally, using
the theory of twisted stable maps and the stacky height functions recently
introduced by Ellenberg, Zureick-Brown, and the third author, we construct
finite type moduli spaces which parametrize rational points of fixed height on
a large class of stacks, so-called cyclotomic stacks. The main tool is a corre-
spondence between rational points, twisted maps and weighted linear series.
Along the way, we obtain the Northcott property as well as a generalization
of Tate’s algorithm for cyclotomic stacks, and compute the exact motives of
these moduli spaces for weighted projective stacks.

CONTENTS

1. Introduction 1
2. Heights on cyclotomic stacks and twisted maps 9
3. Correspondence between weighted linear series and twisted maps 17
4. Moduli of minimal weighted linear series with vanishing conditions 25
5. Height moduli on cyclotomic stacks 34
6. Rational curves on weighted projective stacks 40
7. Moduli stacks of elliptic surfaces with specified Kodaira fibers 45
8. Motives & Point counts of height moduli over finite fields 51
9. Enumerations of elliptic curves over rational function fields 59
Acknowledgements 64
References 64

1. INTRODUCTION

For many asymptotic counting problems in analytic number theory, it is of
interest to determine the main leading term as well as the lower order terms.
While the lower order terms are interesting theoretically, having good control
of these lower order terms is often also important for numerical computations.
A well-known example is the enumeration of cubic number fields ordered by
height of discriminant. The number of cubic fields of height ≤ B for certain
constants a, b > 0 is

aB − bB5/6 + o(B5/6)
1
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The existence of the precise second main term of order B5/6 was conjectured
by Roberts in [Rob01] and also implicitly in an earlier paper of Datskovsky–
Wright in [DW88]. This was proven by the remarkable works of Bhargava–
Shankar–Tsimerman in [BST13] and also by Taniguchi–Thorne in [TT13] along
the lines of establishing the Davenport–Heilbronn theorems [DH69, DH71] on
cubic fields and 3-torsion in class groups of quadratic fields. In general, how-
ever, one has very little understanding of the origin of these lower order main
terms (c.f. [VE10, §2.6]). In this regard, Venkatesh in [GGW21, Prob. 5] asks
the following question:

What is the topological meaning of secondary terms
appearing in asymptotic counts in number theory?

In the case of elliptic curves over a function field K = k(C) of a curve C over
k = Fq, it is well known that the counting of semi-stable elliptic curves, that
is, the integral points of the moduli stack M1,1, are governed by the geometry
of the moduli space of morphisms C →M1,1 (see e.g. [HP19, BPS22]). We
generalize this story to give a moduli-theoretic description of the rational points
that do not extend to integral points. By understanding the arithmetic geometry
of these moduli spaces, we show that integral points of M1,1 account for the
main leading term in the enumeration of all elliptic curves over a function field,
while rational points of M1,1 that do not extend to integral points and have
extra automorphisms account for the lower order main terms. These rational
points are necessarily concentrated at the special j-invariant and require us to
consider the relationship between weighted and unweighted point counts over
finite fields.

Specifically, we establish the following sharp enumeration of elliptic curves
over a global function field K = Fq(t) with precise lower order main terms.
This is achieved by considering the totality of rational points on M1,1 over K .
Recall that the height of the discriminant of an elliptic curve E over K is given
by ht(∆) := qdeg∆ = q12n for some integer n (also called the Faltings height of
E).

Theorem 1.1. Let n ∈ Z≥0 and char(Fq)> 3. The counting functionN w(Fq(t), B)
(resp. N (Fq(t), B)), which gives the weighted count (resp. unweighted count) of
the number of minimal elliptic curves over P1

Fq
ordered by the multiplicative height

of the discriminant ht(∆) = q12n ≤ B, is given by the following expressions where
aq, bq, cq, dq ≥ 0 are explicit rational functions of q (see Theorem 9.7):

N w(Fq(t), B) = aqB5/6 − B1/6

N (Fq(t), B) = 2aqB5/6 + 4bqB1/2 + 2cqB1/3 − 2B1/6 + dq

The B1/2 and B1/3 terms come from counting µ6- and µ4-twist families while the
B1/6 term comes from counting µ2-twist families concentrated at j =∞.
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Notably, the weighted and unweighted counts of semi-stable elliptic curves
over P1

Fq
, i.e. of the space Homn(P1,M1,1), only contribute to the leading term

B5/6 with constant lower order term (c.f. [dJ02, HP19, BPS22]).

To prove Theorem 1.1, we construct height moduli spaces Mn,K(M1,1) (resp.
HΓn,K(M1,1)) whose Fq-points correspond to rational points of M1,1 of height n
over the function field K (resp. with prescribed local conditions Γ correspond-
ing to Tate’s algorithm, see Theorem 1.6)). We count the number of Fq-points,
and more generally compute the exact motives of height moduli and their iner-
tia stacks in the Grothendieck ring of stacks K0(StckFq

) of these moduli spaces
to answer the question of Venkatesh in this case. The height moduli framework
we introduce in this paper applies to a large class of moduli stacks as well as
to higher genus function fields and other perfect residue fields k (where point
counting over finite fields is replaced with various topological or motivic invari-
ants).

Fix a perfect field k and a smooth proper geometrically connected curve C/k
with function field K = k(C). For X a projective scheme with ample line bundle
L, the height of a point P ∈ X (K) is simply the degree, measured with respect
to L, of the unique extension C → X . Thus for any integer n, we have a moduli
space

Homn(C , X )
of degree n maps to X whose points are identified with K-points of height n. Our
goal is to generalize this construction when X is replaced by an algebraic stack
X . In this paper we focus on the class of cyclotomic stacks, whose properties
best resemble those of projective varieties. Introduced by Abramovich and Has-
sett in [AH11], these are algebraic stacks whose stabilizers are µr and equipped
with a uniformizing line bundle L (see Definition 2.12) which plays the role of
an ample line bundle. This includes familiar examples such as weighted pro-
jective stacks P(λ⃗) := P(λ1, . . . ,λN ) with L = O(1) and fine modular curves.
Particularly, M1,1

∼= P(4, 6) over Z
�1

6

�

with L the Hodge line bundle by the
short Weierstrass equation y2 = x3 + a4 x + a6, where ζ · ai = ζiai for ζ ∈ Gm
and i = 4,6.

One of the subtleties for proper algebraic stacks is that not every rational
point C ¹¹Ë X extends to an integral point C → X . Instead, a rational point
always extends to a twisted map C → X from a stacky curve C with coarse
moduli space C (see Section 2.3). This observation was one of the key insights
of [ESZB23] for defining the stacky height of a rational point of P ∈ X (K) (see
Section 2.1). As in the case of schemes, twisted maps form a moduli space
HΓd(X ,L) where

Γ = {(r1, a1), . . . , (rs, as)}
encodes the stacky structure of C as well as the stabilizer action on the fiber
of L|C (Definition 2.28) and d is the degree. On the other hand, given (X ,L),
the aforementioned stacky height htL(P) decomposes as htst

L (P) +
∑

v δL,v(P),
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where δL,v(P) are local contributions coming from finitely many places v of K
and htst

L (P) is the so-called stable height, which is stable under base change. We
show (Theorem 3.3) that we can identify the terms in the stacky height with
the data d, Γ for a twisted map:

d = htst
L (P), δL,vi

(P) =
ai

ri
.

Our Main Theorem is that there is a height moduli space Mn(X ,L) parametriz-
ing all rational points on general proper polarized cyclotomic stacks of stacky
height n and that the spaces of twisted maps yield a stratification of Mn(X ,L)
corresponding to fixing the local contributions to the stacky height. The fact that
Mn(X ,L) is of finite type is a geometric incarnation of the Northcott property.

Theorem 1.2 (Theorems 2.30 & 5.1). Let (X ,L) be a proper polarized cyclotomic
stack over a perfect field k. Fix a smooth projective curve C/k with function field
K = k(C) and n, d ∈Q≥0.

(1) There exists a separated Deligne–Mumford stack Mn,C(X ,L) of finite type
over k with a quasi-projective coarse space and a canonical bijection of k-
points

Mn,C(X ,L)(k) = {P ∈ X (K) | htL(P) = n} .
(2) There is a finite locally closed stratification

⊔

Γ ,d

HΓd,C(X ,L)/SΓ →Mn,C(X ,L)

where HΓd,C are moduli spaces of twisted maps and the union runs over all
possible admissible local conditions

Γ = ({r1, a1}, . . . , {rs, as})

and degrees d for a twisted map to (X ,L) satisfying

n= d +
s
∑

i=1

ai

ri

and SΓ is a subgroup of the symmetric group on s letters that permutes the
stacky points of the twisted map.

(3) Under the bijection in part (1), each k-point of HΓd,C(X ,L)/SΓ corre-
sponds to a K-point P with the stable height and local contributions given
by

htst
L (P) = d

§

δi =
ai

ri

ªs

i=1
.

We prove Theorem 1.2 by reducing to the case where X is a weighted pro-
jective stack P(λ⃗) := P(λ0, . . . ,λN ) and L=O(1). In this case, we obtain even
more precise information in Theorem 4.28: we construct Mn,C(P(λ⃗),O(1)) as
a moduli space of λ⃗-weighted linear series (L, s0, . . . , sN ) on the curve C .
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Definition 1.3. (Definitions 2.9 & 3.2) A λ⃗-weighted linear series on C is a tuple
(L, s0, . . . , sN )where si ∈ H0(C , L⊗λi ). The tuple is minimal if for all x ∈ C(ksep),
there exists j such that νx(s j)< λ j where νx is the order of vanishing at x .

We show in Theorem 3.3 that there is a correspondence between the twisting
conditions (r, a) at a point x ∈ C and the order of vanishing of the sections si in a
weighted linear series. This correspondence induces a bijection between twisted
maps and minimal weighted linear series where the twisting conditions on the
map at x ∈ C can be computed explicitly from the vanishing orders νx(s j).
Notably, this generalizes Tate’s algorithm for computing the Kodaira fiber type
of a minimal elliptic surface from the order of vanishing of the Weierstrass data
(see below and Section 7). Given any rational point P : C ¹¹Ë P(λ⃗), there exists
a unique minimal weighted linear series (Lmin, s0, . . . , sN ) on C which realizes
P such that

htO(1)(P) = deg Lmin.
Significantly, this generalizes the existence of global minimal Weierstrass mod-
els for elliptic curves over k(C) and the fact that the stacky height (i.e. the
Faltings height) is the naïve height in this case.

To prove Theorem 1.2 for weighted projective stacks, we construct a mod-
uli space Wmin

n,C (λ⃗) of minimal λ⃗-weighted linear series on C of degree n and

stratify it into locally closed substacks Wγ
n,C(λ⃗) by imposing vanishing condi-

tions γ on the sections si (Proposition 4.15 & Theorem 4.28). Finally, we prove
that the correspondence between twisted maps and minimal weighted linear
series holds in families to identify Wmin

n,C (λ⃗) and Wγ
n,C(λ⃗) with Mn,C and the

twisted maps strata HΓd,C/SΓ respectively after matching up the corresponding
vanishing and twisting conditions γ and Γ (Section 5.1).

With Wmin
n,C (λ⃗) in hand, we move to the question of computing its number

of points, or more generally the class in the Grothendieck ring of stacks. Fix
weights λ⃗ = (λ0, . . . ,λN ) and let |λ⃗|: =

∑N
i=0λi . Suppose for simplicity that k

contains all lcm= lcm(λ0, . . . ,λN ) roots of unity (see Section 8.3 for the general
case).

Theorem 1.4 (Theorem 8.9). For k, λ⃗ as above and C = P1
k, consider Wmin

n and
its inertia stack IWmin

n . We have the following formulas over the Grothendieck
ring of stacks K0(Stckk).

(a)
∑

n≥0

{Wmin
n }t

n =
1−Lt

1−L|λ⃗| t

�

{PN}+LN+1{P|λ⃗|−N−2}t
�

(b)
∑

n≥0

{IWmin
n }t

n =
∑

g∈µlcm(k)

1−Lt

1−L|λ⃗g | t

�

{PNg }+LNg+1{P|λ⃗g |−Ng−2}t
�

where g runs over the lcm roots of unity and λ⃗g is a subset of λ⃗ of size Ng + 1
depending explicitly on the order of g (see Section 8.3).
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Here we note that the unweighted count of rational points (i.e. isomorphism
classes) is given by the unweighted point count of Wmin

n which is equal (c.f.
Theorem 8.2) to the weighted point count (i.e. motive) of the inertia stack
IWmin

n . The above explicit formulas lead immediately to Theorem 1.1.

The above theorem is an example of motivic stabilization for the moduli
spaces Wmin

n in the sense of of [VW15] and this should hold in any genus. We
will explore this in the future. Similarly, the spaces HΓd,C(X ,L) are twisted
analogs of mapping stacks. They lie over certain configuration spaces ConfΓ (C)
equipped with an action of a product of symmetric groups SΓ and one can con-
sider representation stability for these spaces as in [CEF14].

Conjecture 1.5. The cohomology of the spaces HΓd,C(X ,L) equipped with the
action of SΓ exhibits representation stability as d →∞ (see e.g. [CEF14]).

Specializing to the case of M1,1
∼= P(4,6) with L the Hodge line bundle

and P ∈M1,1(K) a rational point corresponding to an elliptic curve E/K . A
weighted linear series on P1 of height n consists of Weierstrass coefficients
a4 ∈ H0(P1,O(4n)) and a6 ∈ H0(P1,O(6n)) and the orders of vanishing at
a point can be encoded in a vector γ = (νx(a4),νx(a6)) which corresponds to
a certain twisting data Γ = (r, a) by Theorem 3.3. This naturally extends the
classical Tate’s algorithm between the vanishing conditions γ and the Kodaira
fiber types Θ of the minimal model of E. The spaces Wγ

n,P1 and HΓd,P1 can be
identified with moduli of certain canonical models of elliptic surfaces with a
specified fiber of additive bad reduction and the isomorphism between the two
via Tate’s algorithm can be understood in the context of the minimal model
program (Section 7). This is summarized in the table below.

Theorem 1.6. If char(K) ̸= 2,3. Then the local twisting condition (r, a) and the
order of vanishing of j at j =∞ determine the Kodaira fiber type of the relative
minimal model, and (r, a) is in turn determined by m=min{3ν(a4), 2ν(a6)}.

Finally we compute the motives of Wγ

n,P1 for any single fixed vanishing con-

dition γ = (νx(a4),νx(a6)). Following [FW16, HP19], we stratify Wγ

n,P1 into
spaces of monic polynomials of given degrees and with fixed vanishing con-
ditions and compute the motives of these spaces. The resulting formulas for
Wγ

n,P1 are recorded in Theorem 1.8 below. Via Tate’s algorithm, we get counts

of elliptic surfaces over P1 with a single fiber of specified additive reduction.

Theorem 1.7 (Theorem 9.5). Let n ∈ Z+ and char(Fq) ̸= 2, 3. Fix an additive
Kodaira fiber type Θ. The number of minimal elliptic surfaces over P1 with exactly
one singular fiber of type Θ and at worst multiplicative reduction elsewhere, or-
dered by the multiplicitve height of the discriminamt ht(∆) = q12n ≤ B is given
by

N (Fq(t),Θ, B) = 2eΘ,q(B
5/6 − 1)

where eΘ,q is an explicit rational function of q depending only on the fiber type Θ.
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γ :
�

ν(a4), ν(a6)
�

Reduction type with j ∈ M1,1 Γ : (r, a)

(≥ 1,1) II with j = 0 (6,1)

(1,≥ 2) III with j = 1728 (4,1)

(≥ 2,2) IV with j = 0 (3,1)

(2, 3) I∗k>0 with j =∞ (2,1)

I∗0 with j ̸= 0,1728

(≥ 3,3) I∗0 with j = 0 (2,1)

(2,≥ 4) I∗0 with j = 1728 (2,1)

(≥ 3,4) IV∗ with j = 0 (3,2)

(3,≥ 5) III∗ with j = 1728 (4,3)

(≥ 4,5) II∗ with j = 0 (6,5)

Theorem 1.8. If char(K) ̸= 2, 3, then motives {Wγ

n,P1} ∈ K0(StckK) of moduli
stacks of elliptic surfaces with a specified Kodaira fiber are

Reduction type with j ∈ M1,1 Motivic class {Wγ

n,P1} ∈ K0(StckK)

II with j = 0 L10n −L10n−2

III with j = 1728 L10n−1 −L10n−3

IV with j = 0 L10n−2 −L10n−4

I∗k>0 with j =∞ L10n−3 −L10n−4 −L10n−5 +L10n−6

I∗0 with j ̸= 0, 1728

I∗0 with j = 0, 1728 L10n−4 −L10n−6

IV∗ with j = 0 L10n−5 −L10n−7

III∗ with j = 1728 L10n−6 −L10n−8

II∗ with j = 0 L10n−7 −L10n−9

1.1. Lattice rank refinements and connections to the Kudla program. The
height moduli framework and the one-fiber motivic classes computed in this
paper (Theorem 1.8) serve as local building blocks for lattice-rank-weighted
refinements of the motivic height zeta function. In [Par26], the third author
introduces the trivariate generating series

Z(u, v; t) :=
∑

n≥0

� ∑

[E]∈Wmin
n

uT (S) vrk(E/K)
�

tn,
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which refines
∑

n{W
min
n } t

n by weighting each height stratum with the trivial
lattice rank T (S) and the Mordell–Weil rank rk(E/K), in accordance with the
Shioda–Tate decomposition ρ(S) = T (S) + rk(E/K).

The trivial lattice specialization ZTriv(u; t) = Z(u, 1; t) is shown to be rational
in [Par26]: since T (S) depends only on local reduction data (the Kodaira fiber
configuration), the evaluation-map stratification of the height moduli from The-
orem 1.2 and the power-structure identity on K0(Stckk)[L−1] produce a finite
Euler product whose local factors are built from the one-fiber motivic classes
of Theorem 1.8. This rationality extends to elliptic surfaces over k(C) for any
smooth projective curve C/k with C(k) ̸=∅, with symmetric powers SymN (P1)
replaced by the Kapranov motivic zeta function ζC .

In contrast, the Mordell–Weil specialization ZMW(v; t) = Z(1, v; t) and the
Néron–Severi specialization ZNS(w; t) = Z(w, w; t) are conjectured in [Par26]
to be irrational. The underlying obstruction is that the Mordell–Weil rank is
not determined by the fiber configuration: even on a fixed Kodaira stratum
Wmin,(f)

n , the rank rk(E/K) varies, and by the Shioda–Tate formula this variation
is equivalent to variation of the Picard rank ρ(S). Over C, the loci where ρ(S)
jumps are Noether–Lefschetz (Hodge) loci for the variation of Hodge structure
on H2 of the family of elliptic surfaces. By the theorem of Cattani–Deligne–
Kaplan [CDK95], such loci form a countable union of closed algebraic subsets
— not a finite constructible stratification — which structurally obstructs the
local-to-global factorization mechanism that produces the finite Euler product
for ZTriv.

This circle of ideas suggests a deeper connection to the Kudla program [Kud97,
Kud02]. For an elliptic surface S → C of height n, the orthogonal complement
of the trivial lattice Triv(S) in H2(S,Z) carries a polarized variation of Hodge
structure whose period map takes values in an orthogonal symmetric domain.
The Noether–Lefschetz loci where ρ(S) jumps are then analogous to Kudla’s
special cycles on orthogonal Shimura varieties, and the Kudla–Millson theta
correspondence [KM90] predicts that generating series of such cycles are mod-
ular forms. In the motivic setting of [Par26], the generating series ZNS(w; t)
weights these loci not by cycle degrees but by classes in K0(Stckk), which is a
finer invariant. The conjectured irrationality of ZNS may thus be understood as
a manifestation of the tension between the modularity of special cycle classes
(which would impose transcendental relations among the coefficients) and the
algebraic rationality demanded by a finite Euler product. Making this analogy
precise - in particular, identifying the relevant orthogonal Shimura data and re-
lating the motivic class to the theta lift - is an open problem that we plan to
address in future work.

1.2. Relation to other work. There has been a lot of recent activity in counting
points on weighted projective stacks [BGS20, SS22] with height zeta functions
[Dar21, Phi22b], computing asymptotics counts of elliptic curves with addi-
tive reduction [CS23, CJ23, Phi22a, Phi22c], and stacky approaches to heights
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[DY22]. We intend to explore the relationship between our method and theirs
in these papers in the future.

1.3. Outline of the paper. In Section 2, we discuss heights on cyclotomic stacks
from the point of view of twisted maps and construct the moduli spaceHΓd(X ,L).
In Section 3, we show the bijection between twisted maps and minimal weighted
linear series. In Section 4, we construct the moduli spaces of minimal weighted
linear series. In Section 5, we prove Theorem 1.2. In Section 6, we study the
moduli space in the case of weighted projective stacks. In Section 7, we state
Tate’s algorithm via twisting data and interpret HΓd,C(M1,1) as moduli of ellip-
tic surfaces with specified Kodaira fibers. In Section 8, we compute the classes
of some height moduli in the Grothendieck ring of stacks and prove Theorems
1.4 and 1.8. In Section 9, we enumerate elliptic curves over k(t) and prove
Theorems 1.1 and 1.7.

2. HEIGHTS ON CYCLOTOMIC STACKS AND TWISTED MAPS

We review the definition of heights on stacks from [ESZB23] and specialize
it to the class of cyclotomic stacks. We assume that X is normal throughout.

2.1. Heights on stacks. In [ESZB23], the authors introduced height functions
on stacks and used them to give point-counting conjectures generalizing the
Batyrev–Manin [BM90, FMT89] and Malle Conjectures, see [ESZB23, Conj.
4.14]. When the stack is a scheme, these stacky heights recover the usual Weil
heights. On the other hand, when the stack is BG and the rational point BG(K)
corresponds to a Galois G-extension L/K , the heights recover the discriminant
of the extension.

Unlike the case of schemes, the Weil height machine fails for stacks. One
can see this by considering the universal n-torsion line bundle L on Bµn; if the
Weil height machine were to hold, then n times the height of L would be trivial.
Moreover, one cannot define heights via embeddings into projective space since
all stacks that admit such embeddings are necessarily schemes. Instead the
definition of heights on stacks is given by extending the rational point to a stacky
curve, called a tuning stack.

Definition 2.1 ([ESZB23, Def. 2.1]). Let C be a smooth proper curve over K
and let p : X → C be a proper map from a normal Artin stack X with finite
diagonal. Let x ∈ X (K) be a rational point. A tuning stack for x is a diagram

Spec(K) //

##

x

%%

C
π

��

x // X

p
��

C

where C is a normal Artin stack with finite diagonal and π is a birational coarse
space map.
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A morphism of tuning stacks (C′,π′, x ′)→ (C,π, x) is a map f : C′→ C such
that π ◦ f = π′ and x ◦ f = x ′. A tuning stack is said to be universal if it is
terminal among all tuning stacks.

Remark 2.2. In [ESZB23, Cor. 2.6], it is shown that a tuning stack (C,π, x) is
universal if and only if x is representable.

Heights of a rational point on a stack are then given as follows.

Definition 2.3 ([ESZB23, Def. 2.11]). With hypotheses as in Definition 2.1, if
V is a vector bundle on X and x ∈ X (K), the height of x with respect to V is
defined as

htV(x) := −deg(π∗x
∗V∨)

for any choice of tuning stack (C,π, x).

Notice that the height htV(x) is defined via pullback then pushforward before
taking degree. One may alternatively consider the height function obtained by
pullback and then taking degree directly. This is known as the stable height:

Definition 2.4 ([ESZB23, Def. 2.12]). With hypotheses as in Definition 2.1, if
V is a vector bundle on X and x ∈ X (K), the stable height of x with respect to
V is defined as

htst
V(x) := −degC x∗V∨

for any choice of tuning stack (C,π, x).

Remark 2.5. The height and stable height functions are shown to be indepen-
dent of the choice of tuning stack in [ESZB23, Prop. 2.13].

When X is a scheme, we can take C = C and so stable height and height are
the same. More generally, height agrees with stable height whenever the vector
bundle V is pulled back from a vector bundle on a scheme.

Remark 2.6. The stable height htst
V(x) is stable under base change as opposed

to the height htV(x) (c.f. [ESZB23, Prop. 2.14]).

Later, we compute the stable height as the coarse map degree plus the local
contributions from the ramified base changes in terms of r, a (see Definition
3.1)

2.2. Cyclotomic stacks and weighted projective stacks. Here we review the
basic definitions of cyclotomic stacks following [AH11, Sec. 2]. This is a class of
stacks whose properties best resemble those of projective varieties. The central
example is that of a weighted projective stack.

Definition 2.7. Let λ⃗ = (λ0, . . . ,λN ) ∈ ZN+1
≥1 be a vector of N + 1 positive

integers. Consider the affine space Uλ⃗ = A
N+1
x0,...,xN

endowed with the action of

Gm with weights λ⃗, i.e. an element ζ ∈Gm acts by

(1) ζ · (x0, . . . , xN ) = (ζ
λ0 x0, . . . ,ζλN xN ) .
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The N -dimensional weighted projective stack P(λ⃗) is then defined as the quo-
tient stack

P(λ⃗) =
�

(Uλ⃗∖ {0})/Gm

�

.

Remark 2.8. When we wish to emphasize a base field k of definition for P(λ⃗),
we use the notation Pk(λ⃗). The stack P(λ⃗) is a smooth and proper tame Artin
stack. It is Deligne–Mumford if and only if all weights λi are prime to the
characteristic. For example P(1, p) is not Deligne–Mumford in characteris-
tic p since it has a point with automorphism group µp which is not formally
unramified. When P(λ⃗) is Deligne–Mumford, it is an orbifold if and only if
gcd(λ0, . . . ,λN ) = 1. More generally, the natural map

P(dλ0, . . . , dλN )→ P(λ0, . . . ,λN )

is a µd -gerbe.

The natural morphism Uλ⃗ ∖ 0 → P(λ⃗) is the total space of the tautological
line bundle OP(λ⃗)(−1) on P(λ⃗). As in the classical case, we denote by OP(λ⃗)(1)
the dual of this line bundle.

Definition 2.9. A λ⃗−weighted linear series on a scheme B is the data of a line
bundle L and sections

si : OB → Lλi .

where OB is the structure sheaf of B. The set theoretic base locus of (L, s0, . . . , sN )
is the reduced closed subscheme Z ⊂ B of points b ∈ B where s j(b) = 0 for all
j = 0, . . . , N . A point b ∈ Z will be called an indeterminacy of the weighted
linear series.

Proposition 2.10. [AH11, Lem. 2.1.3] The stack P(λ⃗)with universal line bundle
OP(λ⃗)(1) is equivalent to the stack of λ⃗−weighted linear series with empty base
locus.

Remark 2.11. The open embedding P(λ⃗) ⊂ [Uλ⃗/Gm] corresponds to the inclu-
sion of basepoint-free linear series into the stack of all λ⃗-weighted linear series.

A weighted projective stack is an example of the following.

Definition 2.12. A separated algebraic stack X of finite type over a field k is
cyclotomic if the stabilizer Aut( x̄) of each geometric point x̄ : Spec k̄ → X is
isomorphic to µr for some r. A uniformizing line bundle on X is a line bundle
L such that for each geometric point x̄ : Spec k̄→ X , the natural map

Aut( x̄)→ Aut(L| x̄)
is injective.

We denote the coarse moduli space of X by π : X → X . By [AH11, Prop.
2.3.10], the condition that L is uniformizing if and only if the map X → BGm
classyfing L is representable. Moreover, by [AH11, Lem. 2.3.7], there exists an
M such that L⊗M ∼= π∗L for some line bundle L on X .
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Definition 2.13. A uniformizing line bundle L is a polarizing line bundle if
L⊗M ∼= π∗L for some M where L is an ample line bundle on X . We say that
the pair (X ,L) is a polarized cyclotomic stack.

Example 2.14. If X ⊂ P(λ⃗) is a locally closed substack, then the pullback
OP(λ⃗)(1)|X is polarizing. More generally, the same is true if X → P(λ⃗) is rep-
resentable quasi-finite and X is Noetherian.

Proposition 2.15. [AH11, Prop. 2.4.2 & 2.4.3, Corollary 2.4.4] Let (X ,L) be
a polarized cyclotomic stack and suppose that X is proper. Then there exists a
weighted projective stack P(λ⃗) and a closed embedding X ⊂ P(λ⃗) such that

L∼=OP(λ⃗)(1)|X .

A key observation we will exploit in the sequel is that Proposition 2.15 re-
duces questions about the height htL on a polarized cyclotomic stack (X ,L) to
the case of htO(1) on P(λ⃗). Compare this to the fact that the Weil height with
respect to a very ample line bundle on a projective variety is determined by the
naïve height on PN .

2.3. Twisted maps to cyclotomic stacks. In Section 3, we will see that the
universal tuning stack of a cyclotomic stack is always a twisted curve. In this
section we review some background on twisted curves and construct the moduli
of twisted curves on cyclotomic stacks.

Definition 2.16. A stacky genus g curve C is a 1-dimensional smooth proper
tame Artin stack whose coarse moduli space is isomorphic to an irreducible
projective genus-g curve π : C → C . A twisted genus g curve is a stacky genus
g curve C which is generically a scheme and such that for each geometric point
x̄ → C , there exists a non-negative integer r such that

Spec(Osh
C , x̄)×C C ∼=

�

Spec k( x̄)[t]sh/µr

�

where Osh
C ,X̄

is the strict Henselization at x̄ and r acts by t 7→ ζt for ζ ∈ µr .

Note that a twisted curve is a root stack (c.f. [Ols16, §10.3]). In particular,
C is uniquely determined up to an isomorphism by the points q1, . . . , qs ∈ C and
their inertia group orders r1, . . . , rs. The reduced preimages Σi := π−1(qi)red
are residual µri

-gerbes at the points pi lying over qi .

Remark 2.17. In [AOV11], a more general definition of twisted curve is used
where C is allowed to have at worst nodal singularities. Our definition is exactly
the ones of loc. cit. which are smooth.

Definition 2.18. A family of twisted curves of genus g with inertia groups
µr1

, . . . ,µrs
over B is a tuple (C→ B,Σi) where

(1) C→ B is a flat and proper morphism with Cb a stacky curve of genus g
for all b ∈ B,

(2) Σi ⊂ C are closed substacks such that the composition Σi → B is a
µri

-gerbe, and
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(3) C ∖
⊔

Σi → B is representable.
A family of twisted curves is an object as above for some g and tuple (r1, . . . , rs).

Now we can define the stack of twisted maps.

Definition 2.19. Let X be a proper and tame Artin stack. A family of twisted
maps to X over B is a tuple (C → B,Σi , f ) where (C,Σi) → B is a family of
twisted curves and f : C→ X is a representable morphism.

When X = P(λ j), a map f : C → P(λ j) is the same as the data of a line
bundle L ∈ Pic(C) and sections s j ∈ Lλ j which don’t simultaneously vanish.
Since P(λ j) → BGm is representable, then f is representable if and only if
the map C → BGm defined by the line bundle L is representable. In order to
describe line bundles on C, we consider the coarse map π : C → C and denote
as above q1, . . . , qs ∈ C the points where π is not an isomorphism with pi the
point of C lying over qi and with stabilizer µri

.

Proposition 2.20. The pullback map π∗ induces an injection π∗ : Pic(C) →
Pic(C) and a short exact sequence

(2) 0→ Pic(C)→ Pic(C)→
s
⊕

i

Z/riZ→ 0

Moreover, Pic(C) is generated by Pic(C) and OC(pi) for i = 1, . . . , s and OC(pi)
map to generators of the cokernel of π∗.

Proof. Consider the Leray spectral sequence for Rπ∗Gm,C . First since π∗OC =
OC , we conclude that π∗Gm,C =Gm,C .

Next we compute R1π∗Gm,C . The stalk (R1π∗Gm,C)x = 0 for any point x
where π is an isomorphism. Thus R1π∗Gm,C is a direct sum of local contribu-
tions over stacky points. By flat base change, it suffices to compute it in the
special case that C = [Spec A/µr] where A is a 1 dimensional regular Henselian
local ring. In this case, R1π∗Gm,C is simply Pic(C) but Pic(Spec A) is trivial so
this is the same as the character group of µr which we can identify with Z/rZ.

Putting this together with the exact sequence coming from low degree terms
of the Leray spectral sequence for Rπ∗Gm,C , we get

0→ Pic(C)→ Pic(C)→
s
⊕

i=1

Z/riZ

where the last map can be identified as the restriction Pic(C)→ Pic(Bµri
).

To prove exactness on the right, it suffices to construct a line bundle whose
character at the i th marked gerbe pi generates Z/riZ and is trivial away from
pi . The line bundle OC(pi) does the job and this also proves the last claim. ■

Remark 2.21. Given a line bundle L on C and a point p with stabilizer µri
,

we obtain a character χ−a : ζ ∈ µri
7→ ζ−a ∈ Gm via the action of µri

on
the fiber L|pi

. This corresponds to the image L consisting of a mod ri in the
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i th component of the cokernel π∗. Indeed, as in the proof of the proposition,
we can identify the generator of Z/riZ with the pullback of O(pi) to the strict
Henselization [Spec k(pi)[t]sh/µr] where t is a uniformizer at pi . The pullback
of O(pi) is generated by t−1 so the fiber of O(pi) carries the character χ−1.

Corollary 2.22. There is a presentation of abelian groups

Pic(C) =
�

Pic(C)⊕
s
⊕

i=1

Z[O(pi)]

�

/
�

{ri[O(pi)] = [O(qi)]}
s
i=1

�

and of component groups

π0(Pic(C)) = (Z⊕Zc1 ⊕ . . .⊕Zcs)/({rici = [k(qi) : k]}s1=1).

Moreover, there is a well defined degree homomorphism

deg : Pic(C)→Q

extending the usual degree map deg : Pic(C)→ Z such that deg(ci) =
1
ri
[k(qi) :

k].

Corollary 2.23. Every line bundle L on C can be written uniquely as

π∗L

� s
∑

i=1

ai pi

�

where 0≤ ai < ri where L ∈ Pic(C). Moreover, there is an isomorphism π∗L∼= L.

Proof. The first part follows immediately from the presentation of Pic(C). For
the second part, consider the exact sequence

0→ π∗L→ L→ L⊗O∑

ai pi
→ 0.

Applying π∗ and using the fact that C is tame, it suffices to show that π∗(L⊗
O∑

ai pi
) = 0. By induction on s, it suffices to show that π∗(L ⊗ Oap) = 0

where p is a point with stabilizer µr and 0 < a < r. After passing to the strict
Henselization, we can compute L⊗Oap explicitly as the µr representation on
k(p)[t]sh/(ta)t−a where µr acts on t as in the definition of twisted curve. In
particular, π∗(L⊗Oap) = (k(p)[t]sh/(ta)t−a)µr = 0 as required. ■

Corollary 2.24. If C → B is a family of twisted curves over a connected base,
then the quotient PicC/B /PicC/B is a finite étale group scheme over B with fibers
isomorphic to ⊕s

i=1Z/riZ for some fixed tuple (r1, . . . , rs).

Definition 2.25. If (X ,L) is a proper cyclotomic stack with a polarizing line
bundle L, we define the degree of a map f : C→ X as deg( f ∗L).

Remark 2.26. Suppose thatL⊗M = π∗L whereπ : X → X is the coarse map and
L is ample. Then the degree of f in our definition agrees with 1

M deg(C → X )
where the degree of the coarse map is measured with respect to L.

Lemma 2.27. Let (X ,L) be a proper polarized cyclotomic stack.
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(1) If C is a twisted curve and f : C → X is any morphism, then f is rep-
resentable if and only if for each i = 1, . . . , s, the projection of the class
[ f ∗L] to Z/riZ under the sequence 2 is a unit.

(2) If f : C/B → X is a family of twisted maps to X , then deg( fb) and the
class of [ f ∗b L] in Pic(Cb)/Pic(Cb) are locally constant functions on B.

Definition 2.28. We let Γ = ({r1, a1}, . . . , {rs, as}) denote a tuple of pairs of
integers where ri > 1 and 0 < ai < ri is a unit mod ri . We call Γ the tuple
of local conditions for a twisted map. We say that Γ is admissible for (X ,L) if
ri | M for all i where M > 0 is the smallest positive integer such that L⊗M = π∗L
where π is the coarse moduli map.

We are now ready to construct the stack of twisted maps from a fixed curve
C to a polarized cyclotomic stack (X ,L).

Definition 2.29. Fix (X ,L), C and Γ as above and an integer d. A family
of twisted maps from C to X of type Γ and degree d over a scheme B is a
family of twisted maps (C→ B,Σi , f ) with inertia groups µr1

, . . . ,µrs
and a map

π : C→ C × B over B such that
(1) π is the coarse moduli space of C,
(2) for all b ∈ B, deg( fb) = d, and
(3) for all b ∈ B the class of f ∗b L in Pic(Cb)/Pic(C) is given by

s
∑

i=1

(ai mod ri).

Theorem 2.30. Let (X ,L) be a proper polarized cyclotomic stack over k with
coarse moduli space π : X → X and fix an integer M and ample line bundle
L on X such that L⊗M = π∗L. For each smooth projective curve C of genus
g, local conditions Γ and degree d, there exists a finite type separated algebraic
stack HΓd,C = HΓd,C(X ,L) with quasi-projective coarse moduli space parametriz-
ing twisted maps from C to X of type Γ and degree d. Moreover, HΓd,C is quasi-
finite over the scheme HomMd((C , q1, . . . , qs), X ) of s-pointed degree Md maps
(C , q1, . . . , qs)→ X .

Proof. We first consider the stack of twisted curves with coarse moduli space C
and inertia groups µr1

, . . . ,µrs
. This is the stack of data (C → B,Σi ,π) where

(C → B,Σi) is a twisted curve with stabilizer µri
along Σi and π : C → C × B is

a map over B which exhibits C ×B as the coarse moduli space of C. The images
of Σi under π define s disjoint sections σi : B→ C × B. The data of σi defines
a map B→ Confs(C), the configuration space of s distinct points on C and the
association

(C→ B,Σi ,π) 7→ (B→ Confs(C))
is functorial since coarse moduli space commutes with basechange for tame
stacks [AOV08, Cor. 3.3].

On the other hand, given a map B → Confs(C) induced by a family of s
disjoint sections σ1, . . . ,σn : B→ B × C , the images of σi are relative effective
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Cartier divisors. We can then take the ri root stack along the image of σi for
each i = 1, . . . , s to obtain coarse moduli map π : C → C × B. The reduced
preimages Σi = π∗(σi)red are disjoint µri

-gerbes over B and (C → B,Σi ,π) is
a family of twisted curves with coarse moduli space C and inertia groups µri

.
Thus this stack is representable by the configuration space Z := Confs(C).

Let (C→ Z ,Σi) be the universal family of twisted curves over the configura-
tion space and let

H = HomZ(C,X × Z)
be the relative Hom-stack over Z . Then H is an algebraic stack locally of finite
type with quasi-compact and separated diagonal by [AOV08, Thm. C.2]. By
Lemma 2.27, the degree and the class in Pic(C)/Pic(C) are locally constant on
H and so there is an open and closed (and thus algebraic) substack HΓd,C ⊂ H
parametrizing those maps of degree d and local twisting conditions Γ .

To see that HΓd,C is separated and has finite inertia, we can suppose that
the base field is algebraically closed. Composing with the closed embedding
X → P(λ⃗) yields a representable monomorphism

HomZ(C,X × Z)→ HomZ(C,P(λ⃗)× Z)

which preserves the degree d and twisting condition Γ . Thus it suffices to prove
that HΓd,C is separated with finite inertia for target weighted projective stack.
In this case, the claim follows from the proof of Theorem 1.2 for weighted pro-
jective stacks as in §5.1, where it is shown that HΓd,C is isomorphic to a locally
closed substack of a separated stack with finite inertia Rµn (c.f. Definition 4.19).

Taking a tuple (C → B,Σi , f ,π) to its coarse moduli space (C × B → X ,σi)
produces a morphism

ρ : HΓd,C → HomMd((C , q1, . . . , qs), X ).

Note that the family of maps C × B → X has degree Md by Remark 2.26. The
map ρ is quasi-finite by [AOV08, Prop. 4.4] and its proof. Let

ψ : HΓd,C → HomMd((C , q1, . . . , qs), X )

be the factorization through the coarse moduli space. This map is also quasi-
finite so by Zariski’s Main Theorem, we can factor it as an open immersion
HΓd,C ⊂ Y followed by a finite morphism ψ̄ : Y → HomMd((C , q1, . . . , qs), X ).
Since the target is a quasi-projective scheme, it follows that Y and thus HΓd,C is
quasi-projective. This completes the proof. ■

Later we will need to work with twisted maps where the gerbes are not
marked.

Definition 2.31. Fix a tuple of local twisting conditions Γ = ({r1, a1}, . . . , {rs, as}).
Let SΓ ⊂ Aut{1, . . . , s} be the subset of permutations that only permute those in-
dices which have the same pair of {r j , a j}.

Proposition 2.32. The group SΓ acts on HΓd,C and the quotient HΓd,C :=HΓd,C/SΓ
is the stack of diagrams (C → B, f : C → X ,π : C → C × B) such that for each
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geometric point t̄ ∈ B, C t̄ is a twisted curve with inertia groups µr1
, . . . ,µrs

and
satisfying (1), (2) and (3) of Definition 2.29.

3. CORRESPONDENCE BETWEEN WEIGHTED LINEAR SERIES AND TWISTED MAPS

Let K = k(C) be the function field of a smooth projective curve C . Then
rational points P ∈ P(λ⃗)(K) correspond to rational maps C ¹¹Ë P(λ⃗). In this
section, we show how the universal tuning stack of P is explicitly constructed
from the data of a λ⃗-weighted linear series (Definition 2.9). Furthermore, we
show that every rational map C ¹¹Ë P(λ⃗) is determined by a unique minimal
weighted linear series defined below. Finally, we compute the height of a point
in terms of the minimal weighted linear series.

The indeterminacies of the associated map C ¹¹Ë P(λ⃗) are the set of points
x ∈ C such that si(x) = 0 for all i, that is, the set theoretic base locus of the
weighted linear series. Two λ⃗-weighted linear series are said to be equivalent if
they induce the same rational map f : C ¹¹Ë P(λ⃗), or equivalently if they induce
the same rational point P ∈ P(λ⃗)(K). We use the notation νx(si) to denote the
order of vanishing of si at x .

Definition 3.1. Let (L, s0, . . . , sN ) be a λ⃗-weighted linear series on a curve C .
For every x ∈ C , we let

rmin(x; L, s0, . . . , sN ) :=
λ j

gcd(νx(s j),λ j)

amin(x; L, s0, . . . , sN ) :=
νx(s j)

gcd(νx(s j),λ j)

where j is a choice of index such that

νx(s j)

λ j
=min

i

§

νx(si)
λi

ª

.

Definition 3.2. A λ⃗-weighted linear series (L, s0, . . . , sN ) is minimal if for each
indeterminacy point x ∈ C , there exists an j such that νx(s j)< λi .

We now state the main result of this section.

Theorem 3.3. Let K = k(C) be the function field of a smooth projective curve C, let
f : C ¹¹Ë P(λ⃗) be a rational map, and let P ∈ PC(λ⃗)(K) denote the corresponding
rational point, where PC(λ⃗) = P(λ⃗)× C → C is the constant family. Let {x j} be
the indeterminacy points of f . Assume the λi are prime to the characteristic of the
ground field.

(1) Let (L, s0, . . . , sN ) be any λ⃗-weighted linear series inducing f . Then the
universal tuning stack (C,π, P) of P is the root stack of C obtained by
taking the r j-th root at x j , where r j = rmin(x j; L, s0, . . . , sN ). Moreover,

the induced morphism on stabilizers over x j is given by the character χ
−a j

j
where a j = amin(x j , L, s0, . . . , sN ).
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(2) There exists a unique minimal λ⃗-weighted linear series inducing f .
(3) The stacky height htO(1)(P) is equal to deg L where (L, s0, . . . , sN ) is the

unique minimal linear series. Moreover, the stable height is given by
htst

O(1)(P) = deg P
∗O(1) and the local contribution at x j is given by

δx j
(P) =

a j
r j
[k(x j) : k].

Remark 3.4. Since the quotient map AN+1 ∖ 0→ P(λ⃗) can be identified with
the total space of O(−1), the morphism of stabilizers µr → Gm induced by the
structure map P(λ⃗)→ BGm can be identified with the character of the stabilizer
µr acting on the fiber of O(−1). By the theorem, the action of µr j

on the fiber

of the line bundle P̄∗O(1) on the universal tuning stack C is then given by χ
a j

j .
Combining this with Proposition 2.20 and Remark 2.21, we conclude that the
the class in Pic(C)/Pic(C) of P

∗O(1) is
∑

j

(−amin(x j) mod rmin(x j)) ∈
⊕

j

Z/rmin(x j)Z

where the sum runs over the indeterminacy points of the weighted linear series.

3.1. Characterizing the universal tuning stack. In this subsection, we prove
Theorem 3.3 (1). The following is the key local computation needed to prove
the result.

Proposition 3.5. Let R be a DVR over a field k and let Ω be the fraction field of
R. Consider the Ω-point (s0, . . . , sN ) of AN+1∖0 which yields a map f : SpecΩ→
P(λ⃗). Assume λ0, . . . ,λN are prime to the characteristic of k. Let s j have valuation
ν j and suppose

(3)
ν0

λ0
=min

j

�

ν j

λ j

�

.

Let

r =
λ0

gcd(ν0,λ0)
and X be the r-root stack of Spec R at the closed point. Then f extends uniquely
(up to unique 2-isomorphism) to a map g : X → P(λ⃗). Furthermore, g is repre-
sentable.

Proof. Upon showing that f extends to g, since C andP(λ⃗) are separated Deligne–
Mumford stacks and C is normal, [FMN10, Prop. 1.2] shows that g is unique
up to unique 2-isomorphism.

We now turn to the construction of g. Let u be a uniformizer for R. Recall that
X = [Spec R′/µr], where R′ = R[u′]/((u′)r − u) and µr acts with weight 1 on
u′. Let Ω′ be the fraction field of R′. Write s j = uν j t j , where t j has valuation 0.
Our Ω-point (s0, . . . , sN ) ∈ AN+1∖0 can be viewed as an Ω′-point; we show that
after acting by Gm(Ω′), we may extend it to an R′-point. Notice that λ0 | rν0;
acting by (u′)−rν0/λ0 ∈Gm(Ω′), we obtain

s′ := (u′)−
rν0
λ0 ∗ (s0, . . . , sN ) = (t0, (u′)rν1−

rν0
λ0
λ1 t1, . . . , (u′)rνN−

rν0
λ0
λN tN ).
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By (3), we see

rν j −
rν0

λ0
λ j ≥ 0

and so s′ defines an R′-point of AN+1. Since the first coordinate of s′ has valua-
tion 0, we see s′ is an R′-point of AN+1∖ 0. Furthermore, if we let

χ : µr →Gm, χ(ζ) = ζ−
rν0
λ0

then we have a commutative diagram

µr × Spec R′
χ×s′

//

σ′

��

Gm × (AN+1∖ 0)

σ

��

Spec R′ s′ // AN+1∖ 0

where σ and σ′ are the two action maps. As a result, s′ induces a map

X = [Spec R′/µr]
g
// P(λ⃗)

which restricts to f on [SpecΩ′/µr] = SpecΩ.
Lastly, we see rν0

λ0
= ν0

gcd(ν0,λ0)
and r = λ0

gcd(ν0,λ0)
are relatively prime. As a

result, χ is injective, and so g is representable. ■

Proof of Theorem 3.3 (1). Let π: C → C be the root stack obtained by taking
the ri-th root at x i . By construction, π is an isomorphism over C ∖ {x i}. We
show there is a representable map g : C → P(λ⃗) which agrees with f on C ∖
{x i}. Upon showing this, we see that, by definition, (C,π, g) is a tuning stack;
moreover, by Remark 2.2, (C,π, g) is the universal tuning stack.

It remains to prove the existence of a representable map g : C → P(λ⃗) ex-
tending f . We first note that it is enough to show the existence of an étale
cover {Vℓ→ C}ℓ and representable maps gℓ : C×C Vℓ→ P(λ⃗) that agree with f
over the inverse image of C ∖ {x i} under the map Vℓ→ C . Indeed, by [FMN10,
Prop. 1.2], any such gℓ is uniquely determined (up to unique 2-isomorphism)
by f ; hence, the gℓ descend to yield a map g : C→ P(λ⃗). Since representability
can be checked on geometric points [Con07, Cor. 2.2.7], representability of the
gℓ imply representability of g.

To construct our desired étale cover {Vℓ → C}ℓ and representable maps
gℓ : C ×C Vℓ→ P(λ⃗), it is enough to do so at the strict Henselization Ri of each
point of indeterminacy x i . To see this, we may write Spec Ri as an inverse limit
of affine étale neighborhoods Vi,ℓ→ C of x i; then by Proposition B.1 and Propo-
sition B.3 of [Ryd15], for any representable map gi : C×C Spec Ri → P(λ⃗)which
agrees with f , there is some index ℓ and an extension gi,ℓ : C ×C Vi,ℓ→ P(λ⃗) of
gi where gi,ℓ is representable and agrees with f .

For the remainder of the proof, we fix a point of indeterminacy x i . Then Ri
is a DVR by [Sta18, Tag 0AP3]; let Ωi be its fraction field. The rational map
f : C ¹¹Ë P(λ⃗) yields a morphism fi : SpecΩi → P(λ⃗). We continue to denote

https://stacks.math.columbia.edu/tag/0AP3
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by (L, s0, . . . , sN ) the pullback of the linear series to Spec Ri . Since L is trivial
over SpecΩi , we see that fi lifts to the cover SpecΩi → AN+1 ∖ 0, where this
latter map is defined by the Ωi-point (s0, . . . , sN ). Letting ν j denote the order
of vanishing of s j at the closed point of SpecRi , we may assume without loss of
generality that

ν0

λ0
=min

j

�

ν j

λ j

�

.

By Proposition 3.5, we see fi extends to a representable map gi : C×C Spec Ri →
P(λ⃗). ■

3.2. Uniqueness of minimal linear series. In this subsection, we prove The-
orem 3.3(2). We begin by associating a minimal linear series on C to any mor-
phism C→ P(λ⃗), where C is a tame root stack over C .

Proposition 3.6. Let C be a smooth proper curve over a field k, let x1, . . . , xm ∈ C,
and let r1, . . . , rm be positive integers prime to the characteristic of k. Let π: C→
C be the root stack obtained by taking the r j-th root at x j . Let y j denoted the
reduced preimage of x j . By definition, C carries distinguished line bundles with

section (OC(y j), u j) and isomorphisms ι j : OC(y j)
⊗r j
≃
−→ π∗OC(x j) with ι j(u

⊗r j

j )
vanishing to order 1 at x j .

Let g : C → P(λ⃗) be a morphism induced by a basepoint-free λ⃗-weighted lin-
ear series (L, t0, . . . , tN ). Let χ j : µr j

→ Gm denote the canonical embedding and

suppose that the stabilizer µr j
of y j acts on L through the character χ

a j

j with
0≤ a j < r j . Then

 

π∗L(
∑

j

a j y j),π∗(t0

∏

j

u
λ0a j

j ), . . . ,π∗(tN

∏

j

u
λN a j

j )

!

is a minimal weighted linear series on C inducing the rational map f : C ¹¹Ë P(λ⃗)
given by factoring g through the coarse space.

Proof. By construction, the stabilizers of C act trivially on L(
∑

j a j y j). Thus
L(
∑

j a j y j) = π∗L for a unique line bundle L on C , e.g., by [Alp13, Thm. 10.3].
Since π is tame, we have π∗OC =OC and so by the projection formula,

π∗L(
∑

j

a j y j) = π∗π
∗L = L.

Now π∗ is multiplicative so L(
∑

j a j y j)k = π∗Lk and again by the projection
formula we have

π∗(L(
∑

j

a j y j)
k) = π∗π

∗Lk = Lk = (π∗L(
∑

j

a j y j))
k.

We conclude that
π∗(t i

∏

j

u
λi a j

j ) =: si
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is a section of Lλi as required. Moreover, π is an isomorphism on C ∖ {x j} so
the rational map f induced by the weighted linear series (L, s0, . . . , sN ) agrees
with g on C ∖ {x j}.

Finally, we check that (L, s0, . . . , sN ) is minimal. Since g is a morphism, for
each j there exists an i such that t i does not vanish at y j . Thus the order of

vanishing of t i
∏

j u
λi a j

j at y j is λia j and the order of vanishing of si at x j is

λia j

r j
< λi ,

proving minimality of the weighted linear series. Note that
λi a j

r j
is an integer

since si does not vanish at y j , showing that Lλi is trivial when pulled back to the
residual gerbe at y j; since the stabilizer µr j

acts on Lλi through the character

χ
−λi a j

j and since this character must be trivial, we see r j | λia j . ■

Next we consider the converse to Proposition 3.6 in the case where C is the
universal tuning stack, characterizing the weighted linear series of C → P(λ⃗)
in terms of the weighted linear series of C ¹¹Ë P(λ⃗).

Proposition 3.7. Let (L, s0, . . . , sN ) be a weighted linear series on C inducing a ra-
tional map f : C ¹¹Ë P(λ⃗), and assume λ0, . . . ,λN are prime to the characteristic.
Let (C,π, P) be as in Theorem 3.3 (1). Let

a j =
νx j
(si j
)

gcd(νx j
(si j
),λi j

)

where
νx j
(si j
)

λi j

=min
i

�

νx j
(si)

λi

�

.

Then the morphism P : C→ P(λ⃗) is defined by the weighted linear series (L, t0, . . . , tN )
with

L= π∗L(−
∑

a j y j) and t i =
π∗si

∏

j u
λi a j

j

.

Furthermore, if (L, s0, . . . , sN ) is minimal and (L′, s′0, . . . , s′N ) denotes the mini-
mal linear series obtained from (L, t0, . . . , tN ) in Proposition 3.6, then there is a
canonical isomorphism β : L

≃
−→ L′ such that β(si) = s′i .

Proof. A priori, t i is only a rational section of Lλi . We first show it is a regular
section. By construction, π: C→ C is the r th

j root stack along x j where

r j =
λi j

gcd(νx j
(si j
),λi j

)
.
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For all j, we have

νy j
(π∗si) = r jνx j

(si) =
λi j
νx j
(si)

gcd(νx j
(si j
),λi j

)
≥

λiνx j
(si j
)

gcd(νx j
(si j
),λi j

)
= λia j

since the index i j minimizes the ratio νx j
(si)/λi . Therefore t i is actually a reg-

ular section of Lλi and (L, t0, . . . , tN ) is a well defined λ⃗-weighted linear series
on C.

Next, by construction, νy j
(t i j
) = 0. Therefore (L, t0, . . . , tN ) is a basepoint-

free weighted linear series and thus induces a morphism C → P(λ⃗). This mor-
phism agrees with f away from the basepoints x j so by [FMN10, Prop. 1.2], it
is uniquely isomorphic to P up to unique 2-isomorphism.

Lastly, suppose (L, s0, . . . , sN ) is minimal. Then, for every j, there exists sℓ j

with νx j
(sℓ j
) < λℓ j

. Since
νx j
(si j
)

λi j
≤

νx j
(sℓ j
)

λℓ j
, it follows that νx j

(si j
) < λi j

, and

hence, 0 ≤ a j < r j . Let χ j : µr j
→ Gm denote the canonical embedding; since

the stabilizers of C act trivially on π∗L, we see the stabilizer µr j
at y j acts on L

via the character χ
−a j

j . Having now verified that the hypotheses of Proposition
3.6 hold, we see

L′ = π∗L(
∑

j a j y j) = π∗π∗L L
β

≃
oo

where β is the adjuncation map; it is an isomorphism since C is a tame Deligne–
Mumford stack, so we have a canonical isomorphism π∗OC ≃ OC and β is the
composition of the canonical isomorphisms π∗π

∗L ≃ L ⊗ π∗OC ≃ L. Further-
more, by construction

β(si) = π∗π
∗(si) = π∗(t i

∏

j

u
λi a j

j ) = s′i . ■

We are now ready to prove Theorem 3.3 (2), thereby finishing the proof of
Theorem 3.3.

Proof of Theorem 3.3 (2). Let f : C ¹¹Ë P(λ⃗) be a rational map. Suppose it is
induced by a minimal linear series (L1, s1,0, . . . , s1,N ) and it is also induced by
a minimal linear series (L2, s2,0, . . . , s2,N ). We prove there exists a canonical

isomorphism γ: L1
≃
−→ L2 with γ(s1,i) = s2,i .

For ℓ ∈ {1,2}, let πℓ : Cℓ → C be the root stack obtained by taking the
rℓ, j-th root at x j , where rℓ, j = rmin(x j; Lℓ, sℓ,0, . . . , sℓ,N ). Let gℓ : Cℓ → P(λ⃗)
be the induced representable morphism constructed in Theorem 3.3 (1) and
let (Lℓ, tℓ,0, . . . , tℓ,N ) be the corresponding basepoint-free weighted linear se-
ries. Let (L′

ℓ
, s′
ℓ,0, . . . , s′

ℓ,N ) be the minimal linear series on C obtained from
(Lℓ, tℓ,0, . . . , tℓ,N ) in Proposition 3.6. By Proposition 3.7, we have canonical

isomorphisms βℓ : Lℓ
≃
−→ L′

ℓ
with βℓ(sℓ,i) = s′

ℓ,i .
Theorem 3.3 (1) tells us that (Cℓ,πℓ, gℓ) is a universal tuning stack for each ℓ,

so by universality, there is a canonical isomorphism h: C2→ C1 and 2-isomorphism
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α: g2⇒ g1◦h with π2 = π1◦h. This yields an isomorphism α: h∗L1
≃
−→ L2 with

α(h∗(t1,i)) = t2,i . Applying (π2)∗, and using the definitions of (L′
ℓ
, s′
ℓ,0, . . . , s′

ℓ,N ),

we obtain an isomorphism (π2)∗α: L′1
≃
−→ L′2 sending s′1,i to s′2,i . Composing with

the isomorphisms βℓ yields our desired isomorphism γ. ■

3.3. The height of a minimal linear series. In this section we finish the proof
of Theorem 3.3 by computing the height of a rational point in terms of the
minimal linear series.

Proof of Theorem 3.3 (3). The stable height htst
O(1)(P) = deg(P

∗O(1)) = degL
by definition. By Proposition 3.7, we have

L∼= π∗L(−
∑

a j y j)

where (L, s0, . . . , sN ) is the unique minimal linear series and

a j = amin(x j; L, s0, . . . , sN ).

Moreover, by minimality, 0≤ a j < r j . By Corollary 2.23,

π∗L∨ = π∗
�

π∗L∨
�∑

a j y j

��

= L∨

and so htO(1)(P) = −degπ∗L∨ = deg L. Finally, the local contribution at x j is
given by

δx j
(P) = deg

�

coker(π∗π∗L∨→ L∨)x j

�

= degOa j y j
=

a j

r j
[k(x j) : k].

■

3.4. The normalized linear series. In this section, we recast the computation
of the universal tuning stack in terms of the normalized linear series which will,
first, clarify the role of the minimum in the formulas for rmin and amin and,
second, be easier to work with in families.

Let κ := lcm{λ0, . . . ,λN} and let λ̄ j := κ/λ j so that λ jλ̄ j = κ. Then there is
a natural map

P(λ⃗)→ P(κ, . . . ,κ
︸ ︷︷ ︸

N+1

)

induced on T -points by taking

(L, s0, . . . , sN ) 7→ (L, s
λ̄ j

0 , . . . , s
λ̄ j

N )

where s
λ̄ j

i is a section of

(L⊗λ j )⊗λ̄ j = Lκ.

Definition 3.8. Let (L, s0, . . . , sN ) be a λ⃗-weighted linear series.

(1) The associated normalized linear series is Span(sλ̄0
0 , . . . , sλ̄N

N ) ⊂ H0(T, L⊗κ).
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(2) The normalized base locus Bs is the scheme theoretic base locus of the
normalized linear series:

Bs(L, s0, . . . , sN ) :=
N
⋂

j=1

{sλ̄ j

j = 0}

Proposition 3.9. Let (L, s0, . . . , sN ) be a λ⃗-weighted linear series on a curve C and
let x be an indeterminacy point such that ν j = νx(s j). Let m be the multiplicity of
Bs at x. Then the stabilizer of the universal tuning stack at x is given by µr with

r = rmin =
κ

gcd(m,κ)
and the character of the µr -action on the line bundle L on the universal tuning
stack is given by χ−a where

a = amin =
m

gcd(m,κ)
.

Proof. In Theorem 3.3 (1), we showed r = rmin(x , L, s0, . . . , sN ) and a = amin(x , L, s0, . . . , sN ).
First note that the index which minimizes the ratio ν j/λ j is the same as the in-
dex which minimizes

κ
ν j

λ j
= λ̄ jν j = νx(s

λ̄ j

j ).

On the other hand, the minimum order of vanishing of {sλ̄ j

j } is exactly the mul-
tiplicity of the base locus of the normalized linear series at x . Thus, if j is any
index minimizing the ratio ν j/λ j , then we have

κ
ν j

λ j
= λ̄ jν j = m.

Now note that for any positive integers a and b, a/gcd(a, b) = a′ where a/b =
a′/b′ is written in lowest terms. In particular, the ratio a/gcd(a, b) depends
only on the fraction a/b. Thus, noting that κ/m = λ j/ν j for j any index mini-
mizing the ratio, we see that

r =
κ

gcd(m,κ)
.

Finally, we have that for the same index,

a =
ν j

gcd(ν j ,λ j)
=

λ̄ jν j

λ̄ j gcd(ν j ,λ j)
=

m
gcd(m,κ)

.

■

Remark 3.10. Note that minimality is equivalent to the statement that the for
each closed point x ∈ C , the multiplicity m of the normalized base locus satisfies
m< κ.

We are now ready to express the stacky height with respect to the universal
bundle OP(λ⃗)(1) in terms of the normalized linear series.
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Corollary 3.11. Let K = k(C) and P ∈ P(λ⃗)(K) a K-rational point. Let (L, s0, . . . , sN )
be the unique minimal weighted linear series associated to P. Then

ht(P) = deg L,

htst(P) =
1
κ

deg(C → PN ),

and the local contribution at a closed point x ∈ C is given by

δx(P) =
ax

rx
[k(x) : k] =

mx

κ
deg[k(x) : k]

where mx is the multiplicity at x ∈ C of the normalized base locus Bs and C → PN

is the unique morphism extending the composition C ¹¹Ë P(λ⃗)→ P(κ, . . . ,κ)→
PN with degree measured by OPN (1).

4. MODULI OF MINIMAL WEIGHTED LINEAR SERIES WITH VANISHING

CONDITIONS

The goal of this section is to construct the moduli space of minimal weighted
linear series of degree n on a curve C . By Theorem 3.3, the k-points of this
moduli space will be canonically in bijection with k(C)-points of P(λ⃗) of height
n. Our second goal is to construct a natural stratification of this moduli space
corresponding to the different universal tuning stacks. In the next section, we
will identify these strata with the spaces of twisted maps HΓd,C for different d
and Γ .

4.1. The ambient stack of weighted linear series. Fix a smooth projective
curve C/k with function field K .

Definition 4.1. Let B/k be a scheme. A family of λ⃗-weighted linear series on
C parameterized by B is the data of (L, s0, . . . , sN ) where L is a line bundle
on CB := C × B and si ∈ H0(C × B, L⊗λi ). A morphism (L, s0, . . . , sN )/B →
(L′, s′0, . . . , s′N )/B

′ is a morphism ρ : B→ B′ and an isomorphism ψ : ρ∗L′→ L
such that ψλi (s′i) = si .

The category of families of weighted linear series WC(λ⃗) defines a category
fibered in groupoids over Sch/k.

Definition 4.2. For F a coherent sheaf on an algebraic stack X , the abelian
cone associated to F is

V(F) := SpecX Sym•F .

Note that the formation of V(F) is compatible with flat base change and
satisfies fppf descent.

Proposition 4.3. WC(λ⃗) is a locally of finite type algebraic stack over k. Moreover,
the natural morphism WC(λ⃗)→ P ic(C) to the Picard stack identifies WC(λ⃗) with
an abelian cone over P ic(C). In particular, WC(λ⃗) is a union

WC(λ⃗) =
⊔

n≥0

Wn,C(λ⃗)
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of connected stacks of finite type indexed by n= deg(Lb).

Proof. Let P ic(C) be the Picard stack of C/k and let L be the universal line bun-
dle on π : C ×P ic(C)→ P ic(C). The following lemma is a standard corollary
of cohomology and base-change (see [Hal14, Thm. D] for the generalization to
algebraic stacks).

Lemma 4.4. Let f : X → Y be a proper morphism of algebraic stacks and let F
be a quasicoherent sheaf on X flat over Y . There exists a quasicoherent sheaf Q
on Y such that

HomY(B,V(Q)) = H0(XB,FB).

If F is finitely presented then so is Q. Moreover, if f∗F is locally free and its
formation commutes with arbitary base change, then Q∼= ( f∗F)∨

Applying the lemma to π and L⊗d we obtain a coherent sheaf Qd on P ic(C)
such that for any B-point L ∈ Pic(CB),

HomP ic(C)(B,V(Qd)) = H0(CB, L⊗d).

Denoting V(Qd) =: Vd , we conclude that

HomP ic(C)

�

B,
N
∏

i=0

Vλi

�

=
N
⊕

i=0

H0(CB, L⊗λi )

and thus

Homk

�

B,
N
∏

i=0

Vλi

�

=WC(λ⃗)

as required.
Now P ic(C) =

⊔

n∈ZP icn(C) is a disjoint union of finite connected compo-
nents parametrizing line bundles of degree n. Denoting Vd

n := Vd |P icn(C), then
Vd |P icn(C) =∅ for n< 0 so we conclude that

WC(λ⃗) =
⊔

n≥0

Wn,C(λ⃗)

where Wn,C(λ⃗) =
∏N

i=0V
λi
n . ■

Remark 4.5. Let µd,n : P icn(C) → P icdn(C) be the d th power map induced
by L 7→ L⊗d . Letting L be the universal line bundle on C × P ic(C), we have
L⊗d |C×P icn(C) = µ∗d,nL|C×P icdn(C). Thus, Vd

n = µ
∗
d,nV

1
nd .

Remark 4.6. The stack Vd
n contains an open substack Ud

n given by the comple-
ment of the zero section P icn(C) → Vd

n. This is the open subfunctor parame-
terizing sections s ∈ H0(CB, L⊗d) where sb ̸≡ 0 for all b ∈ B. In particular, the
vanishing locus D = V (s) ⊂ CB is flat over B for any B-point of Ud

n by [Sta18,
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Tag 00ME]. This implies that D is a relative effective Cartier divisor and we get
a morphism Ud

n → Symdn(C) which makes the square

Ud
n

//

��

Symdn(C)

��

P icn(C)
µd,n
// P icdn(C)

cartesian.

Remark 4.7. When dn > 2g(C) − 2, π∗L⊗d |C×P icn(C) is a vector bundle over
P icn(C) whose formation commutes with base change. In this case,

Vd
n = SpecP ic(C) Sym•(π∗Ld |C×P icn(C))

∨.

Remark 4.8. Let π : X → X be a Gm-gerbe and Q a quasicoherent sheaf on X .
Then fppf locally (or even étale locally since Gm is smooth) the gerbe can be
trivialized to BGm,X . In the case where X is a trivial gerbe, Q can be identified
with a quasicoherent Gm-sheaf on X . Then we have a natural identification

VX (Q) = [VX (Q)/Gm,X ].

In particular, VX (Q) contains as an open substack the weighted projectivization
of the abelian cone VX (Q). In particular, this applies to the case π : P ic(C)→
Pic(C), where we can achieve such a trivialization of the gerbe after passing to
a field extension k′/k with C(k′) ̸=∅.

Remark 4.9. When C(k) ̸= ∅ and dn > 2g(C)− 2, then Ud
n is isomorphic to a

µd -gerbe of over the pullback of the projective bundle Symdn(C) → Picdn(C).
More generally, if nλi > 2g(C)− 2 for all i = 0, . . . , N , then

N
∏

i=0

Vλi
n ∖ 0P icn(C)

is isomorphic to a weighted projective bundle over Picn(C) where Vd
n carries

weight d. If C(k) = ∅, it is instead a possibly nontrivial form of this weighted
projective bundle.

4.2. Stratifying by normalized base locus. As we saw in Section 3.4, the mul-
tiplicity of the normalized base locus controls the local behavior of the universal
tuning stack. In this section we use this observation to stratify Wn,C(λ⃗) into
strata which we will relate to moduli of twisted maps in Section 5.

As C and P(λ⃗) are fixed, we will denote Wn,C(λ⃗) by Wn for convenience.
Over Wn we have a universal bundle L on C ×Wn with sections si ∈ H0(C ×
Wn,L⊗λi ). Let

Bs= Bs(L, s0, . . . , sN ) = Bs(L⊗κ, sλ̄0
0 , . . . , sλ̄N

N )

be the normalized base locus of the universal weighted linear series. Now C ×
Wn →Wn is a projective morphism so we can apply Grothendieck’s functorial
flattening stratification to Bs→Wn to obtain a stratification of Wn.

https://stacks.math.columbia.edu/tag/00ME


28 DORI BEJLERI, JUN–YONG PARK AND MATTHEW SATRIANO

Proposition 4.10. The flattening stratification {Wm
n } for Bs→Wn is indexed by

m ∈ N∪∞= {0,1, . . . , m, . . . ,∞} where

(1) W0
n
∼= Homn(C ,P(λ⃗)) is the open substack parametrizing basepoint-free

weighted linear series, i.e. morphisms C → P(λ⃗),
(2) Wm

n for 0 < m <∞ is the substack of families of weighted linear series
with normalized base locus finite flat of degree m,

(3) Wm
n =∅ for nκ < m<∞, and

(4) W∞n ∼= P icn(C) is the closed substack where where si ≡ 0 for all i.

Corollary 4.11. There is a natural morphism Wm
n → Symm(C) for 0 < m <∞

sending a λ⃗-weighted linear series to its normalized scheme theoretic base locus
Bs.

The symmetric product Symm(C) can be further stratified into strata Symµ(C)
indexed by a partition µ ⊢ m. Here a partition µ is a sequence µ1 ≥ µ2 ≥ . . . ≥
µl > 0 where

l
∑

i=1

µi = m.

We denote l := l(µ) the length of the partition and m = |µ| the size of the
partition. Then Symµ(C) is the stratum parametrizing subschemes of C with
l irreducible components of multiplicity µi . We say that a finite subscheme of
length m parametrized by a point in Symµ(C) has profile µ.

Remark 4.12. While
⊔

µ Symµ(C) is at first glance a set theoretic stratification
of Symm(C), in fact these strata have a canonical scheme structure as they can
be identified with the locally trivial Hilbert schemes parametrizing locally trivial
flat families of subschemes in C [GK89, Sec. 2].

Definition 4.13. For any n≥ 0 and partition µ, moduli space of weighted linear
series of degree n with normalized base profile µ is the pullback

Wµ
n :=Wm

n ×Symm(C) Symµ(C)

where m= |µ|.

The B-points of Wµ
n are families of weighted linear series (L, s0, . . . , sN ) on CB

such that the normalized scheme theoretic base locus Bs(L, s0, . . . , sN ) is finite,
flat and locally trivial of profile µ over B.

Definition 4.14. We say a normalized base profile µ is minimal if µi < κ for all
i.

Proposition 4.15. There exists an open substackWmin
n,C (λ⃗) ⊂Wn,C(λ⃗) parametriz-

ing minimal weighted linear series. Moreover, Wmin
n,C (λ⃗) has a stratification into

locally closed strata Wµ
n over minimal base profiles µ.

Proof. A linear series is minimal if and only if the normalized base multiplicity
is strictly less than κ for all points on C . In particular, it is a condition on
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the partition µ: namely that µi < κ for all i. Thus, the stratification Wmin
n =

⊔µ minimalW
µ
n,C is clear, at least set theoretically. To finish the proof, we show

that Wmin
n,C is open in Wn,C . This follows from Lemma 4.16 below applied to the

universal normalized base locus over Wn∖W∞n .

Lemma 4.16. Let B be a locally Noetherian algebraic stack over k with finite
inertia. Let C be a smooth curve and let Z ⊂ C × B be a subscheme which is finite
over B. Then for each non-negative integer d, the locus of b ∈ B such that Zb has
multiplicity < d at each point is open in B.

Proof. Without loss of generality, we may suppose that k is algebraically closed.
By flattening stratification and further stratifying by the profile µ we see that
the locus of b ∈ B where Zb has no point of multiplicity ≥ d is constructible.
Thus it suffices to show this locus is stable under generalization.

Toward this end, we may suppose B = Spec R is the spectrum of a DVR (R,m)
with fraction field K and Z = Spec A for a finite R-algebra A. Suppose moreover
that Spec A/mA has no point of multiplicity at least d. We wish to show that
A ⊗R K also satisfies this condition. Let zi be the points of the special fiber
Spec A/mA. By assumption,

dimk(A/mA)zi
< d

for all zi . Let z′i be a point of Spec(A⊗R K). Since Z → B is proper, z′i specializes
to some point, which up reindexing we call zi , lying m. It suffices to show that
dimK(A⊗R K)z′i < d. Since the question is local, we may replace A by Azi

and
suppose without loss of generality that A is local with closed point z and z′ is a
point of the generic fiber Spec A⊗R K . By upper semi-continuity,

dimK(A⊗R K)z′ ≤ dimK(A⊗R K)≤ dimk(A/mA)< d,

thus the generic fiber of Spec R satisfies the required condition. ■

■

Corollary 4.17. For each K = k(C), n and λ⃗, the k-points of the finite type
Deligne–Mumford stack Wmin

n,C (λ⃗) are in canonical bijection with K-points of P(λ⃗)
of stacky height n.

For some applications it is convenient to parameterize the normalized base
locus.

Definition 4.18. Let Sµ be the subgroup of the symmetric group Sl(µ) consisting
of permutations σ such that µσ(i) = µi for all i.

Let Confl(C) be the configuration space of l ordered distinct points on C .
Then Sµ naturally acts on Confl(C) and the quotient Confl(C)/Sµ is isomorphic
to the stratum Symµ(C).

Definition 4.19. The space of weighted linear series with parametrized normal-
ized base locus of profile µ is the fiber product

Rµn := Confl(µ)×SymµWµ
n .
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A B-point of Rµn consists of a weighted linear series (L, s0, . . . , sN ) of degree
n on CB as well as l disjoint sections σi : B→ CB such that the Bs(L, s0, . . . , sN )
is the relative effective Cartier divisor

∑

µiσi .

4.3. Imposing vanishing conditions. For certain applications such as count-
ing elliptic surfaces with a fixed fiber type, it is useful to further stratify the
moduli space of weighted linear series by specifying vanishing conditions on
the si . We will accomplish this by working over the space of embeddings of
infinitesimal discs of the form Spec k[t]/(tn) into C .

Associated to a partition µ we have a unique isomorphism type of curvilinear
Artinian local scheme with profile µ and residue field k:

Aµ ∼=
l
∏

i=1

k[x]/(xµi+1).

We denote by Dµ := Spec Aµ. In what follows we view µ as an ordered tuple
(µ1, . . . ,µl) with µi ≥ 1, while noting that the isomorphism type of Dµ and the
stratum Symµ(C) are independent of the choice of ordering.

Definition 4.20. Let Gµ denote the automorphism group Autk(Dµ).

The following lemma is straightforward from the definitions.

Lemma 4.21. Gµ is a finite type group scheme over k with component group Sµ
and whose identity component G0

µ =
∏ℓ

i=1(Gm ⋊ Uµi−1), where Uµi−1 is a split
unipotent of dimension µi − 1.

Definition 4.22. Let Emb(Dµ, C) denote the space of embeddings of Dµ into C .

Note that Emb(Dµ, C) is a quasi-projective scheme. Indeed, the Hom scheme
Hom(Dµ, C) is quasi-projective and Emb(Dµ, C) ⊂ Hom(Dµ, C) is open by [GW20,
Prop. 12.93]. Note moreover that when µi = 1 for all i = 1, . . . , l, then
Emb(Dµ, C) = Confl(C). We define a partial order on ordered l-tuples by µ′ ≥ µ
if µ′i ≥ µi for all i = 1, . . . , l. Note here that µ′ and µ are not necessarily parti-
tions of the same number.

Lemma 4.23. We have the following.
(i) Gµ acts freely on Emb(Dµ, C) and the quotient is isomorphic to Symµ(C).

(ii) The quotient of Emb(Dµ, C) by G0
µ is isomorphic to the configuration space

of l = l(µ) ordered distinct points Confl(C) such that the diagram below
commutes.

Emb(Dµ, C)
G0
µ
//

Gµ ''

Confl(µ)(C)

Sµ
��

Symµ(C)

(iii) Let µ′ ≥ µ. Then Emb(Dµ′ , C)→ Emb(Dµ, C) is a torsor for the subgroup
Gµ
µ′
⊂ Gµ′ of automorphism of Dµ′ which are the identity on Dµ.
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Proof. We have a map Emb(Dµ, C)→ Symµ(C) given by taking the image of an
embedding Dµ ,→ C as a subscheme of C . Two embeddings have the same image
if and only if they differ by a reparametrization of the source, proving (i). For
(ii), note that Confl(µ)(C) = Emb(Spec

∏l
i=1 k, C) is the space of embeddings

for the partition 1+ . . .+1= l with all parts equal to 1. Denoting this partition
by µ0, it is clear that G0

µ = Gµ0
µ and so the horizontal map in (ii) is a special case

of (iii). The commutative diagram in (ii) then follows by the identification of
Sµ with the component group of Gµ coming from Lemma 4.21. Finally for (iii),
note that the natural map Emb(Dµ′ , C)→ Emb(Dµ, C) is induced by composition
with the closed embedding Dµ ,→ Dµ′ . Since all embeddings of Dµ′ fixing Dµ
have the same image in Symµ′(C) (here we are using that C is a smooth curve)
then they differ by a reparametrization by Gµ′ but this reparametrization must
fix the embedding Dµ ,→ C so it must be an element of Gµ

µ′
. ■

Remark 4.24. In fact, the torsor Emb(Dµ′ , C)→ Emb(Dµ, C) is a Zariski locally
trivial fibration admitting a section and with fiber isomorphic (as a scheme not
a group) to

∏

µi=1

Gm ×Aµi−2 ×
∏

µi ̸=1

Aµ
′
i−µi .

This is because Gµ
µ′

is an extension of Gm by a split unipotent group, hence a
special group scheme.

Definition 4.25. For µ′ ≥ µ and a fixed embedding f : Dµ→ C , we say that an
embedding f ′ : Dµ′ → C extends ( f , Dµ) if f ′|Dµ = f .

We are now ready to define moduli spaces of weighted linear series with
vanishing conditions. We will need some notation to talk about imposing both
equalities and inequalities on the orders of vanishing of the sections. To accom-
plish this we will use a pair {ν, T} where ν = (ν1, . . . ,νl) is an ordered l-tuple
and T ⊂ {1, . . . , l} to encode the condition

νx i
(s)≥ νi with equality if i ∈ T.

Finally, if t is an integer and ν is a tuple, denote by tν the tuple (tν1, . . . , tνl).
In the following two definitions, µi encodes the multiplicity of the i-th com-

ponent of the normalized base locus Bs(L, s0, . . . , sN ) and µ( j)i encodes the van-

ishing order of s
λ̄ j

j along the i-th component of Bs(L, s0, . . . , sN ). As a result, for

each i, we want µ( j)i ≥ µi with equality for some j.

Definition 4.26. For each j, fix ν( j) an l-tuple and a subset T j ⊂ {1, . . . , l}
and let µ( j) = λ̄ jν

( j). Suppose that µ( j) ≥ µ and that for each i = 1, . . . , l,

µi =min j{µ
( j)
i }. We call

γ=: ({ν(0), T0}, . . . , {ν(N), TN})

a tuple of vanishing orders realizingµ and denote by γ j its j th component {ν( j), T j}.
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Definition 4.27. A family of λ⃗-weighted linear series of degree n on C with
parametrized normalized base locus and vanishing order γ over B is the data
of a weighted linear series (L, s0, . . . , sN ) of relative degree n on CB and disjoint
sections {σi : B→ CB}li=1 such that

(1) Bs(L, s0, . . . , sN ) is a relative effective Cartier divisor over B which is
equal to

∑

µiσi ,
(2) for each j = 1, . . . , N and any family of embeddings Dµ( j)×B→ CB with

image containing
∑

µiσi , the restriction (L⊗κ, s
λ̄ j

j )|Dµ( j) is identically 0,
and

(3) for each j = 1, . . . , N , each i ∈ T j and any family of embeddings D
µ
( j)
i +1×

B → CB with image µiσi , the restriction (L⊗κ, s
λ̄ j

j )|D
µ
( j)
i +1

is not identi-

cally 0.

Note that Sµ acts on the set of vanishing orders γ j = {ν( j), T j} by permuting
the l parts of ν( j) as well as acting on T j ⊂ {1, . . . , l} via the natural action on
subsets of {1, . . . , l}.

We prove the Main Theorem of this section.

Theorem 4.28. Fix λ⃗, C, n and µ= (µ1, . . . ,µl) as above and let γ be a tuple of
vanishing conditions realizing µ as in Definition 4.26.

(1) There exists a separated algebraic stackRγn,C(λ⃗)with a morphismRγn,C(λ⃗)→
Confl(µ)(C) whose B-points are λ⃗-weighted linear series of degree n with
parametrized base locus and vanishing order γ over B. Moreover, there is
a locally closed stratification

⊔

γ

Rγn→Rµn

where the union is over all γ realizing µ.
(2) Let Wγ

n,C(λ⃗) =
�

⊔

γ′R
γ′

n,C/Sµ
�

where the union is taken over all γ′ in the

Sµ-orbit of γ. Then Wγ
n,C(λ⃗) is a separated algebraic stack and we have

an unramified surjective monomorphism
⊔

γ

Wγ
n →Wµ

n

where the union is over a set of representatives for the Sµ-orbits of the set
of γ realizing µ.

Proof. For any ordered tuple µ′ ≥ µ, we let Rµ,µ′
n denote the pullback

Rµ,µ′
n = Emb(Dµ′ , C)×Confl(µ)

Rµn

A point of Rµ,µ′
n consists of a weighted linear series (L, s0, . . . , sN ) of degree n on

CB, l disjoint sections σi : T → CB such that the Bs(L, s0, . . . , sN ) is the relative
effective Cartier divisor

∑

µiσi as well as an embedding Dµ′ × B → CB which
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contains
∑

µiσi in its image. Note that Rµ,µ′
n →Rµn is an G0

µ′
-torsor by Lemma

4.23.
Over Rµ,µ′

n we have a universal linear series (Lµ, s0, . . . , sN ) with normalized
base profile µ as well as a universal closed embedding

Dµ′ ×Rµ,µ′
n ,→ C ×Rµ,µ′

n .

For each j, we can restrict s j along this closed embedding to obtain a line bundle

with section (L⊗λ j
µ , s j)|Dµ′ . Viewing this data as a morphism

Dµ′ ×Rµ,µ′
n → [A1/Gm]

we obtain for each j a morphism to the Hom-stack

αµ′, j : Rµ,µ′
n → Hom(Dµ′ , [A1/Gm]).

For each i, we can also restrict to Dµ′i := Spec k[x]/(xµ
′
i+1) and obtain a further

composition

αµ′, j,i : Rµ,µ′
n → Hom(Dµ′i , [A

1/Gm])

given by restricting (L⊗λ j
µ , s j) to the i th jet Dµi

of Dµ. We can also take powers
of the line bundle and section for any integer k to obtain morphisms αk

µ′, j and

αk
µ′, j,i classifying the restriction of (L⊗kλ j

µ , sk
j ).

Let Z̃k
µ′, j,i ⊂ Rµ,µ′

n be the closed substack defined by the vanishing locus

of αk
µ′, j,i and let Ũk

µ′, j,i = Rµ,µ′
n ∖ Z̃k

µ′, j,i . These substacks are invariant under

the action of the various groups Gµ
µ′

and G0
µ of reparametrizations of the em-

bedding and so by Lemma 4.23, they descend to closed and open substacks
Zk
µ′, j,i , Uk

µ′, j,i ⊂ Rµn respectively. The substack Zk
µ′, j,i (resp. Uk

µ′, j,i) parametrizes

those λ⃗-weighted linear series (L, s0, . . . , sN ) such that (L⊗kλ j , s j)|Dµ′i
vanishes

identically (resp. does not vanish identically) for all embeddings Dµ′ ,→ C
containing the normalized base locus

∑

µi x i in their image. Then Rγn is the
intersection of Zk

µ′, j,i and Zk′
µ′′, j′,i′ as µ′,µ′′, j, j′, i, i′, k, k′ vary over appropriate

values. This implies that Rγn is locally closed and that they stratify Rµn . In par-
ticular,

⊔

γR
γ
n → Rµn is an unramified surjective monomorphism. Since these

properties can be checked étale locally, the same holds for
⊔

γW
γ
n →Wµ

n . ■

Remark 4.29. The map Wγ
n →Wµ

n might fail to be a locally closed embedding.
The reason is that the Sµ-invariant union

⊔

γ′R
γ′

n over the Sµ-orbit of γ may
not be locally closed in Rµn even though Rγn→Rµn is locally closed embedding.
However, Wγ

n →Wµ
n is locally closed up to a locally closed stratification of the

source and target and this is good enough for computing most invariants we
will be interested in (e.g. number of points and the class in the Grothendieck
ring of stacks).
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4.4. Defect of minimality. In this section we define the defect of minimality
e of a weighted linear series. It measures the failure of a linear series to be
minimal.

Let µ be the normalized base profile. We can divide each part µi by κ to
obtain µi = κqi + ri .

Definition 4.30. We define q(µ) and r(µ), the quotient and remainder of µ
when divided by κ, to be the partitions with parts qi and ri respectively.

Definition 4.31. The minimality defect of µ is the size of the quotient

e = |q(µ)|.
The minimality defect of a weighted linear series is the minimality defect of its
normalized base profile.

Let (L, s0, . . . , sN ) be a weighted linear series with normalized base profile µ.
Let D = Bs(L, s0, . . . , sN ) ∈ Symµ(C) be the normalized base locus. Condiser the
round-down

D′ =
�

D
κ

�

and let D′′ = D−κD′. The following lemma is clear by construction.

Lemma 4.32. We can write D = κD′ + D′′ where
(1) D′, D′′ ≥ 0 are effective,
(2) D′ has profile q(µ) and D′′ has profile r(µ), and
(3) e = deg(D′).

The constructions of D′ and D′′ also make sense in any family of weighted
linear series with normalized base profile µ.

Remark 4.33. Since the minimality defect e of a weighted linear series depends
only on its normalized base profile, e is constant on each stratum Wµ

n . In par-
ticular,

e : Wn∖W∞n → Z
is a constructible function and the level sets are unions of Wµ

n over all normal-
ized base profiles µ with the same minimality defect.

5. HEIGHT MODULI ON CYCLOTOMIC STACKS

In this section, we prove the following theorem on existence of height moduli
and their relation to moduli of twisted maps HΓd,C (Section 2.3).

Theorem 5.1. Let (X ,L) be a proper polarized cyclotomic stack over a perfect field
k. Fix a smooth projective curve C/k with function field K = k(C) and n, d ∈Q≥0.

(1) There exists a separated Deligne–Mumford stack Mn,C(X ,L) of finite type
over k with a quasi-projective coarse space and a canonical bijection of k-
points

Mn,C(X ,L)(k) = {P ∈ X (K) | htL(P) = n} .
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(2) There is a finite locally closed stratification
⊔

Γ ,d

HΓd,C(X ,L)/SΓ →Mn,C(X ,L)

where the union runs over all possible admissible local conditions (Defini-
tion 2.28)

Γ = ({r1, a1}, . . . , {rs, as})

and degrees d for a twisted map to (X ,L) satisfying

n= d +
s
∑

i=1

ai

ri

and SΓ is a subgroup of the symmetric group as in Definition 2.31.
(3) Under the bijection in part (1), each k-point of HΓd,C(X ,L)/SΓ corre-

sponds to a K-point P with the stable height and local contributions given
by

htst
L (P) = d

§

δi =
ai

ri

ªs

i=1
.

Remark 5.2. When (X ,L) =
�

P(λ⃗),OP(λ⃗)(1)
�

, we will see in the next section

that the moduli space Mn,C(X ,L) is the space Wmin
n,C (λ⃗) of minimal weighted

linear series from Proposition 4.15; the stratification into spaces of twisted maps
HΓd,C corresponds to the stratification of Wmin

n,C into Wµ
n,C for minimal partitions

µ.

Remark 5.3. In fact, the proof of Theorem 1.2 will show that Mn,C(X ,L) is
a cyclotomic stack by proving that Mn,C(X ,L) ⊂ Mn,C(P(λ⃗),OP(λ⃗)(1)) is a

closed substack and that Mn,C(P(λ⃗),OP(λ⃗)(1)) is cyclotomic.

As an immediate corollary we obtain the following Northcott property.

Corollary 5.4. Fix (X ,L) and C as above and suppose k is a finite field. Then for
any B > 0, the set

{P ∈ X (K) | htL(P)≤ B}

is finite.

Remark 5.5. It is not hard to see from the construction of Mn,C(X ,L) that it is
compatible with base change in the following sense: if k′/k is a field extension
with k′ perfect and we denote (X ′,L′) = (X ,L)×k k′ and C ′ = C ×k k′, then

Mn,C(X ,L)×k k′ ∼=Mn,C ′(X ′,L′)

as stacks over k′.



36 DORI BEJLERI, JUN–YONG PARK AND MATTHEW SATRIANO

5.1. The weighted projective case. We begin by proving Theorem 1.2 for

(X ,L) =
�

P(λ⃗),OP(λ⃗)(1)
�

.

The key input is the correspondence in Theorem 3 and our main task is to check
that this correspondence holds in families.

Proof of Theorem 1.2 for weighted projective stacks. We will check thatWmin
n,C (λ⃗),

the space of minimal linear series on C , satisfies the properties of the theorem.
For part (1), note that by definition a k-point ofWmin

n,C is a minimal λ⃗-weighted
linear series (L, s0, . . . , sN ) on C with deg L = n. This induces a rational map
C ¹¹Ë P(λ⃗) which gives us a rational point P ∈ P(λ⃗)(K). By Theorem 3.3 (3),
htO(1)(P) = n. On the other hand, a rational point P ∈ P(λ⃗)(K) of height n
spreads out to a unique minimal weighted linear series by Theorem 3.3 (2) and
the degree of the minimal weighted linear series is n by Theorem 3.3 (3). This
gives us the required canonical bijection

Wmin
n,C (λ⃗)(k)

∼=
�

P ∈ P(λ⃗)(K) | htO(1)(P) = n
	

.

For part (2), we begin with the following lemma. Let κ := lcm{λ0, . . . ,λN}
and λ̄ j := κ/λ j as usual.

Lemma 5.6. Suppose κ > 1. Then the map

m 7→
�

κ

gcd(m,κ)
,

m
gcd(m,κ)

�

induces a bijection from the set {1, . . . ,κ− 1} to the set

{(r, a) : 1≤ a < r, r|κ, gcd(r, a) = 1}

Proof. By construction, the map lands in the required set so it suffices to con-
struct an inverse. The inverse is simply given by

(r, a) 7→
κa
r

which is an integer in {1, . . . ,κ− 1} by the conditions on (r, a). ■

We have the following immediate corollary.

Corollary 5.7. For each l ≥ 1, there is a bijection between the set of l-tuples of
admissible local conditions Γ = ({r1, a1}, . . . , {rl , al}) for a representable twisted
map to P(λ⃗) and the set of minimal ordered partitions µ with l parts.

Proof. A pair (r, a) is admissible if and only if r|κ while a partition µ is minimal
if and only if µi < κ for each i. Thus the required bijection is the l-fold product
of the bijection in Lemma 5.6. ■

Now by Proposition 4.15, Wmin
n has a finite locally closed stratification into

Wµ
n where µ runs over all minimal partitions with |µ| ≤ κn, where the in-

equality holds by Proposition 4.10 (3). Fix one such partition µ and suppose
l(µ) = l. By the above corollary, there exists a unique l-tuple of local conditions
Γ = ({r1, a1}, . . . , {rl , al}) corresponding to the partition µ. We will show that
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HΓd/SΓ ∼= Wµ
n where n and d are related as in the statement of Theorem 1.2.

More precisely, we will show the following.

Proposition 5.8.
HΓd ∼=Rµn

as stacks over Confl(C).

Part (2) of the theorem then follows.

Proof of Proposition 5.8. In one direction, let (C → B, f : C → P(λ⃗), {Σi}li=1)
be a family of twisted maps from C to P(λ⃗) of type Γ and degree d. Let L =
f ∗OP(λ⃗)(1) and let t j ∈ H0(C,L⊗λ j ) be the pullback of the canonical section of
OP(λ⃗)(λ j). Let ui be the section of OC(Σi) cutting out the marked µri

-gerbe Σi .
By construction the line bundle

L
� l
∑

i=1

aiΣi

�

carries the trivial character at each point of the twisted curve C/B and thus is
the pullback of a line bundle L of degree n= d +

∑l
i=1

ai
ri

along the coarse map

π : C → CB. Moreover, as in the proof of Proposition 3.6, s j := π∗
�

t j
∏

i u
λ j ai

i

�

is a section of L⊗λ j . Thus, (L, s0, . . . , sN ) is a family λ⃗-weighted linear series on
CB → B. Moreover, since C is tame, the coarse moduli map π∗ is exact and its
formation commutes with base-change. In particular, the construction taking
the twisted map to the weighted linear series is functorial and by checking on
fibers over b ∈ B and applying Proposition 3.6, we conclude that (L, s0, . . . , sN )
is a family of minimal linear series. Next, applying Proposition 3.9 and Corollary
5.7, we conclude that (L, s0, . . . , sN ) has base profile µ along the marked sections
σi = π∗Σi . Putting this all together, we see that (CB → B,σi , L, s0, . . . , sN ) is a
B-point of Rµn as required.

On the other hand, suppose (CB → B,σi , L, s0, . . . , sN ) is a B-point of Rµn
and let Γ = ({r1, a1}, . . . , {rl , al}) be the local conditions corresponding to µ via
Corollary 5.7. Let C be the iterated root stack of CB along σi to order ri for each
i = 1, . . . , l and let Σi denote the µri

gerbe corresponding to σi . Let L on C be
the line bundle

L= π∗L
�

−
l
∑

i=1

aiΣi

�

.

Then L is uniformizing with relative degree d over B and local conditions Γ by
construction. Moreover,

t j =
π∗s j

∏

i u
λ j ai

i

∈ H0(L⊗λ j )

and by checking on fibers over b ∈ B, we conclude that (L, t0, . . . , tN ) is a
basepoint-free weighted linear series by Proposition 3.7. The formation of root
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stacks commutes with base change and so this operation is functorial. More-
over these two operations are clearly inverses and so we have an isomorphism
HΓd ∼=Rµn as claimed.

Finally, it follows from Corollary 3.11 that htst(P) = d and the local contri-
butions to height are ai

ri
for P ∈ P(λ⃗)(K) corresponding to a k-point of HΓd . ■

This concludes the proof of Theorem 1.2 for the case of weighted projective
stacks. ■

5.2. The general cyclotomic case. In this section we reduce Theorem 1.2 for
general proper polarized cyclotomic stacks (X ,L) to the case of P(λ⃗).

Proof of Theorem 1.2 in general. By Proposition 2.15, there exists a representable
closed embedding X ⊂ P(λ⃗) for some λ⃗ such that L=OP(λ⃗)(1)|X . Now X (K)
is a sub-groupoid of P(λ⃗)(K). For any P ∈ X (K), there exsts a unique universal
tuning stack with a representable morphism C → X and generic point P. The
composition C→ P(λ⃗) is a representable morphism with generic point P viewed
as a point in P(λ⃗)(K). Thus C is the universal tuning stack for P ∈ P(λ⃗)(K) by
uniqueness and L|C =OP(λ⃗)(1)|C by functoriality. Thus we have equalities

htL(P) = htOP(λ⃗)(1)
(P), htst

L (P) = htst
OP(λ⃗)(1)

(P), and

δx(P,L) = δx(P,OP(λ⃗)(1)) for all x ∈ C .

To finish the proof we show that the condition for a family of λ⃗-weighted
linear series to have generic point mapping to X ⊂ P(λ⃗) is closed inside Wmin

n
and thus cuts out the stack Mn,C(X ,L) inside Wmin

n . To do this, we first con-
sider the twisted map strata HΓd,C(P(λ⃗),O(1))/SΓ . Since X ⊂ P(λ⃗) is closed,

it is a closed condition in the stack of twisted maps for a C → P(λ⃗) to map
to X , and hence the condition for a family of λ⃗-weighted linear series to have
generic point mapping to X ⊂ P(λ⃗) is constructible inside Wmin

n . It therefore
remains to prove that this locus is stable under specialization. To this end, let
R by a DVR with fraction field K ′ and residue field k′, and let (L, s0, . . . , sN ) be
a minimal λ⃗-weighted linear series on CR. Let U ⊂ CR be the complement of
the base locus, which is a non-empty open subset. Then we have a morphism
f : U → P(λ⃗) and we are assuming that the generic point of UK ′ maps to X .
Since U → Spec R is flat, the generic point of UK ′ specializes to the generic point
of Uk′ . Since X ⊂ P(λ⃗) is closed, this implies that the generic point of Uk′ also
maps to X . We have therefore simultaneously shown that Mn,C is a closed sub-
stack of W rat

n and that it comes equipped with the required stratification as in
part (2). ■

Remark 5.9. Our construction of Mn,C gives us a closed substack of Wmin
n with

reduced induced structure. This is good enough for applications to point count-
ing, computing classes in the Grothendieck ring, and homological/representation
stability. However, it is an interesting question if M itself carries a natural mod-
uli interpretation, as opposed to just its k-points.
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Remark 5.10. Under the isomorphism HΓd ∼=Rµn in Proposition (5.8), the strat-
ification of Rµn constructed in Theorem 4.28 yields a stratification of HΓd . The
stratum Rγn corresponds to stratifying by tangency conditions for the marked
gerbes along the toric boundary of P(λ⃗). This suggests that if one replaces
P(λ⃗) by a smooth Deligne–Mumford toric stack, then one may construct ana-
logues of the strata Rγn in terms of logarithmic twisted maps.

Definition 5.11. We say that a rational point P ∈ X (K) is isotrivial if the stable
height is zero htst(P) = 0.

Remark 5.12. This is equivalent to the usual notion of isotrivial since htst(P) =
deg(C → X ) measured with respect to L. Since L⊗M descends to an ample
line bundle on the coarse space X , the stable height is zero if and only if the
morphism on coarse moduli spaces C → X is constant. Note in particular that
the condition of being isotrivial is independent of the choice of polarizing line
bundle L.

Proposition 5.13. There is a closed substackMiso
n,C(X ) ⊂Mn,C(X ,L) parametriz-

ing isotrivial K-points.

Proof. By Remark 5.3, Mn,C(X ,L) is a closed substack ofMn,C(P(λ⃗),OP(λ⃗)(1)).
It is immediate from the definitions that P ∈ X (K) is isotrivial if and only if P ∈
P(λ⃗)(K) is isotrivial. As a result, Miso(X ) is a closed substack of Miso(P(λ⃗)),
and hence it suffices to prove the result for P(λ⃗).

Given P ∈ P(λ⃗)(K), let (L, s0, . . . , sN ) be the corresponding λ⃗-weighted linear
series and let C→ P(λ⃗) be the universal stack with local conditions

Γ = ({r1, a1}, . . . , {rℓ, aℓ})

Then P is isotrivial if and only if

htO(1)(P) =
ℓ
∑

i=1

ai

ri
=

1
κ

deg(Bs(L, s0, . . . , sN )).

In other words, P is isotrivial if and only if its normalized base locus has the
largest degree possible. The locus of such points P is given by the smallest
stratum in the stratification from Proposition 4.10, and hence closed. ■

Finally, we give a simple application to bounding points of bad reduction. A
typical situation is that X is the compactification of a moduli space U of smooth
objects and X ∖ U = D is a Cartier divisor parametrizing singular objects. We
call D the boundary divisor. This is the case for example for the moduli space
of elliptic curves M1,1 ⊂M1,1 with D =∞.

Definition 5.14. Let (X ,L) be a polarized cyclotomic stack and let D ⊂ X be
a Q-Cartier divisor with open complement U and let P ∈ U(K) be a rational
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point. Let

C
π
��

f
// X

C

be the universal tuning stack of P and let Σi be the marked gerbes of the twisted
curve C. We say P has bad reduction at x ∈ C if x is in the image under π of the
locus

f −1(D)∪
l
⊔

i=1

Σi .

Proposition 5.15. Fix (X ,L,D) as in Definition 5.14. Then there is a uniform
bound on the number of points of bad reduction depending only on the height of
the rational point. More precisely, there is a function NX ,L,D(n) such that for all
K = k(C) and all P ∈ U(K) ⊂ X (K),

#{x ∈ C | P has bad reduction at x} ≤ NX ,L,D(htL(P)).

Proof. Fix K = k(C) and P ∈ U(K). Let n = htL(P) and choose M such that
L⊗M = π∗L, where π: X → X is the coarse space map and L is ample on X .
Then we obtain a map f̄ : C → X and we have d = 1

M deg( f̄ ), where degree
is measured with respect to L. Letting Γ = ({r1, a1}, . . . , {rℓ, aℓ}) be the local
conditions of the universal tuning stack of P, we have n = d +

∑ℓ
i=1

ai
ri

. Since
the map f : C→ X from the universal tuning stack is representable, we see all ri
are bounded. Since n is also bounded by assumption, we see d and the number
of stacky points ℓ are bounded. As a result, we have bounded the number of
points P of bad reduction which are in the image of

⊔l
i=1Σi .

It remains to show that the number of points in the image of f −1(D) are also
bounded. Let D be the coarse space of D, so that D ⊂ X is a divisor. Since
D is Cartier, then mD is Cartier for some fixed m > 0. Then since C is not
contained in D, the number of points in the image of f −1(D) is bounded by the
intersection number C · (mD). To bound this quantity, we consider the moduli
space of degree Md maps from curves to X . This space is quasi-projective so
has finitely many irreducible components Z1, . . . , Zm. For each i, there is a non-
empty open set Ui ⊂ Zi such that for all points f̄ : C ′ → X of Ui , the quantity
C ′ ·(mD) is a constant Ni . Since C ·(mD) is bounded above by maxi Ni , we have
therefore bounded the number of points of bad reduction. ■

6. RATIONAL CURVES ON WEIGHTED PROJECTIVE STACKS

Fix λ⃗, κ and λ̄ j as in Section 3.4. In this section we explicitly describe the
height moduli for k(t)-points on P(λ⃗). By Theorem 3.3, this is equivalent to
describing the moduli of weighted linear series on C = P1

k.
In this case, P icn(C) ∼= BGm is a trivial gerbe over Picn(C) = Spec k. The

maps µd,n : Picn(C) → Picnd(C) (Remark 4.5) are the identity and by Remark
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4.9, we can viewWn→ BGm as the abelian cone associated to the followingGm-
representation. Let V d

n = H0(P1,O(dn)) equipped with a Gm action of weight
d and let

Q=
N
⊕

j=0

(V
λ j
n )
∨

viewed as a Gm-equivariant locally free sheaf on Spec k. For a vector space V ,
the abelian cone Spec Sym•(V∨) is simply V itself viewed as an affine space.
Thus

Wn = [VSpec k(Q)/Gm]∼=

�

N
⊕

j=0

V
λ j
n /Gm

�

→ BGm

is simply the stack of tuples ( f0, . . . , fN ) of binary forms where deg fi = λi · n
modulo the action of Gm given by

t · ( f0, . . . , fN ) = (t
λ0 f0, . . . , tλN fN ).

The stratum W∞n ⊂Wn is the zero section of the projection
�

N
⊕

j=0

V
λ j
n /Gm

�

→ BGm

and thus Wn∖W∞n is identified with the ambient weighted projective stack

P
�

N
⊕

j=0

V
λ j
n

�

.

Fixing coordinates, we can think of this concretely as the weighted projective
stack

P(λ0, . . . ,λ0
︸ ︷︷ ︸

nλ0+1

, . . . ,λN , . . . ,λN
︸ ︷︷ ︸

nλN+1

)

parameterizing the coefficients of the homogeneous polynomials ( f0, . . . , fN )
(see [PS25, Sec. 4.1]).

6.1. Stratifying by defect of minimality. Fix a height n and 0 ≤ e ≤ n. In
this section, we use the minimality defect to stratify the complement of Wmin

n
inside Wn ∖W∞n into strata corresponding to minimal weighted linear series
of smaller height.

First we construct a map

ψn,e : Wmin
n−e × P(V

1
e )→ P

� N
⊕

i=0

V
λ j
n

�

whose image is exactly those weighted linear series with minimality defect e.
We have a map of affine spaces

�

N
⊕

j=0

V
λ j
n−e

�

⊕ V 1
e →

N
⊕

j=0

V
λ j
n

(( f0, . . . , fN ), h) 7→ ( f0hλ0 , . . . , fN hλN ).
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This map is equivariant for the homomorphism G2
m→Gm, (s, t) 7→ st and thus

descends to the required map ψn,e after taking quotients and passing to open
substacks.

Proposition 6.1. Up to taking a locally closed stratification of the source, ψn,e is
a locally closed embedding.

Proof. First we stratify Wmin
n−e by normalized base profile and P(V 1

e ) = Syme(P1)
by partition type to obtain a stratification

Wmin
n−e × P(V

1
e ) =

⊔

µ′′,µ′
Wµ′′

n−e × Symµ′ P1

where the union is over minimal base profiles µ′′ for weighted linear series of
height n− e and µ′ partitions of e. On the other hand, we stratify the target by
normalized base profile into strata Wµ

n .
Let µ be a base profile with minimality defect e and let µ′′ = r(µ) and µ′ =

q(µ) be the remainder and quotient respectively. First note that

ψn,e(W
µ′′

n−e × Symµ′ P1) ⊂Wµ
n .

Indeed, on the level of points, the normalized base locus of ψn,e(( f0, . . . , fN ), h)
is

κD′ + D′′

where D′′ = Bs| f0, . . . , fN | and D′ = V (h). Then κD′ + D′′ has profile µ by
definition of µ′,µ′′.

On the other hand, suppose ( f0, . . . , fN ) is a weighted linear series with base
profile µ. We can write its normalized base locus as

Bs= D = κD′ + D′′

as in Lemma 4.32 where D′ ∈ Symµ′ P1 is the vanishing of a polynomial h of
degree e and type µ′.

By definition of Wµ
n , this decomposition of the normalized base locus holds

when (L, f0, . . . , fN ) is the universal linear series over the whole stratum. Then

hκ divides f
λ̄ j

j for all j and so

f j = f ′j hλ j

for some f ′j ∈ H0(P1 ×Wmin
n−e ,L(−D′)λ j ). Then the data

(L(−D′), f ′0 , . . . , f ′N )

is a weighted linear series of height

degWµ
n
L(−D′) = n− e

and normalized base profile µ′′. In particular, this is a minimal weighted linear
series over Wµ

n which induces a morphism

Wµ
n →Wµ′′

n−e.
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Combining this with the morphism Wµ
n → Symµ′ P1 that outputs D′ = V (h), we

have a morphism

Wµ
n →Wµ′′

n−e × Symµ P1

which by construction is inverse to the restriction

ψn,e : Wµ′′

n−e × Symµ′ P1→Wµ
n .

■

Corollary 6.2. The disjoint union of ψn,e

ψn :
n
⊔

e=0

Wmin
n−e × P(V

1
e )→ P

� N
⊕

i=0

V
λ j
n

�

is an isomorphism after stratifying the source and target.

Proof. By Proposition 6.1 and its proof, after further stratifying the source and
target, ψn restricts to an isomorphism of strata

Wµ′′

n−e × Symµ′ P1→Wµ
n

where µ is a normalized base profile with quotient q(µ) = µ′ and r(µ) = µ′′.
It suffices to show that each generic point of a stratum of the source maps to a
unique generic point of a stratum in the target. The map on generic points of
strata is injective as µ′′ = r(µ) and µ′ = q(µ). On the other hand, let ( f0, . . . , fN )
be the weighted linear series parametrized by the generic point of Wµ

n . Then
as above we write

Bs| f0, . . . , fN |= κD′ + D′′

where D′ ∈ Symq(µ) P1 ⊂ P(V 1
e ) is the vanishing of some polynomial h of degree

e = e(µ) and f
λ̄ j

j = G jh
κ where D′′ = Bs|G0, . . . , GN |. By unique factorization,

it follows that G j = g
λ̄ j

j and f j = g jh
λ j for some g j of degree λ j(n− e). Thus

(g0, . . . , gN ) is a weighted linear series of degree n − e with normalized base
profile r(µ) which is minimal by construction and

( f0, . . . , fN ) =ψn,e((g0, . . . , gN ), h).

■

6.2. Stratifying by vanishing order. Fix a partition µwith l parts and γ a tuple
of vanishing orders realizing µ as in Definition 4.26. We have natural locally
closed subvarieties

W min
n , Wµ

n ⊂Wn :=
N
⊕

j=0

V
λ j
n ∖ 0.

Here W min
n is the set

§

( f0, . . . , fN ) |min
j

�

λ̄ jνx( f j)
�

< κ for all x ∈ P1
ª
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which is open in Wn by Lemma 4.16, and Wµ
n is the locus of ( f0, . . . , fN ) such

that
�

f λ̄0
0 , . . . , f λ̄N

N

�

simultaneously vanish at exactly l points to order µi for

i = 1, . . . , l.

Lemma 6.3. The subvarieties W min
n and Wµ

n of Wn areGm-invariant and we have

Wmin
n =

�

W min
n /Gm

�

and Wµ
n =

�

Wµ
n /Gm

�

.

Next we describe the parametrized version Rµn . Let πn,µ : Rµn → Confl(µ)

denote the natural projection and let πn,γ be the restriction of πn,µ to Rγn ⊂Rµn .
Then Confl(µ) = (P1)l ∖∆ where ∆ is the big diagonal. For each (x1, . . . , x l) ∈
Confl(µ)(P1), we define

Rγn(x1, . . . , xn) =
¦

( f0, . . . , fN ) | νx i
( f j)≥ ν

( j)
i with equality if i ∈ T j

©

.

Lemma 6.4. For each (x1, . . . , x l) ∈ Confl(µ)(P1), the locus Rγn(x1, . . . , xn) ⊂W γ
n

is locally closed and Gm-invariant. Moreover, we have an identification

π−1
n,γ(x1, . . . , x l) =

�

Rγn(x1, . . . , x l)/Gm

�

.

We end the section with a discussion of the special case l = 1 which will fea-
ture prominently later in the paper. The weighted linear series has a basepoint
at exactly one point x with normalized multiplicity µ ∈ Z>0. In this case the
vanishing order is just a single number ν( j) and T j is either empty, in which
case we allow νx( f j) ≥ ν( j), or {1}, in which case we require νx( f j) = ν( j).
For this reason we denote the tuple as a list of numbers, some of which have
inequalities.

Example 6.5. If γ= ({1,∅}, {1, {1}}), we denote it by the symbol (≥ 1,1).

Example 6.6. If γ= ({2, {1}}, {3, {1}}), we denote it by the symbol (2,3).

Proposition 6.7. When l = 1,

πn,γ : Rγn→ P
1

is a Zariski-locally trivial fibration which can be written as a Gm quotient of a
locally trivial fibration of P1 with fibers Rγn(x). In particular,

Rγn(x)
∼= Rγn(y)

for all x , y ∈ P1 and we have an equality

{Rγn}= {P
1} ·
{Rγn(0)}
{Gm}

in the Grothendieck ring of stacks (Section 8.2).

Proof. By Lemma 6.4, Rγn is isomorphic over P1 to the Gm quotient of the locus
inside

P1 ×
N
⊕

j=0

V
λ j

N
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of pairs (x , f1, . . . , fN ) such that the fi do not simultaneously vanish on P1∖ x ,
min j{λ̄ jνx( f j)} = µ, and νx( f j) ≥ ν( j) with equality if T j = {1}; note that this
locus agrees with W γ

n since ℓ = 1. As Gm is special, it suffices to show that
W γ

n → P1 is Zariski-locally trivial. Now W γ
n → P1 is equivariant for the natural

PGL2 action
(x , f1, . . . , fN ) 7→ (g x , f1 ◦ g−1, . . . , fN ◦ g−1).

Locally in a neighborhood of any given point, say 0 ∈ P1, there exists a chart
0 ∈ U ⊂ P1 and a family of automorphisms φ : U → PGL2 such that U is
invariant under φ(U) and φ(u) · 0 = u. Now let W γ

n (0) denote the fiber of W γ
n

over 0 and consider the map

U ×W γ
n (0)→ (W

γ
n )|U

given by
(u, f1, . . . , fN ) 7→ (u, f1 ◦φ(u)−1, . . . , fN ◦φ(u)−1)

On the other hand, we can act on (W γ
n )|U by φ(u)−1 to produce a map back-

wards and it is clear these maps are inverses, proving the required Zariski-local
triviality. The computation of the motives then follows from [Eke25, Prop. 1.1
iii), 1.4]. ■

Remark 6.8. Note that when l = 1, Conf1 ∼= Sym{µ}(P1) and Wγ
n = Rγn so we

conclude that Wγ
n is a locally trivial fibration over P1 with fiber

�

Rγn(0)/Gm

�

.

Remark 6.9. Under mild conditions on the characteristic, various moduli stacks
of curves are isomorphic to weighted projective stacks, and thus admit height
moduli. In this regard, we recall the works of [Beh06, Sto12, HM17, Mei22] for
modular curves with prescribed level structures (see also the works of [KM85,
Con07, Nil13]). For curves of arithmetic genus one with multiple marked points,
we recall the works of [Smy11a, Smy11b, LP19]. Lastly for examples in higher
genus, we recall the works of [SF00, Fed14, HP23].

7. MODULI STACKS OF ELLIPTIC SURFACES WITH SPECIFIED KODAIRA FIBERS

In this section, we formulate the moduli stacks of elliptic surfaces of stacky
height n with fixed singular fibers. Via the isomorphism M1,1

∼= P(4,6) over
Z
�1

6

�

, these are identified with the moduli spaces HΓd and Rγn of twisted maps
with twisting conditions Γ and weighted linear series with vanishing conditions
γ respectively and the isomorphisms between HΓd and Rγn for various Γ ,γ, d and
n are interepreted in terms of the birational geometry of elliptic surfaces.

We begin with the basic definitions surrounding elliptic surfaces following
[Mir89, SS10] (see also [Sil09, Liu02]).

Definition 7.1. An irreducible elliptic surface ( f : X → C , S) is an irreducible
algebraic surface X together with a surjective flat proper morphism f : X → C
to a smooth curve C and a section S : C ,→ X such that:

(1) the generic fiber of f is a stable elliptic curve, and
(2) the section is contained in the smooth locus of f .
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Definition 7.2. A minimal elliptic surface is an elliptic surface which is relatively-
minimal i.e., if none of the fibers contain any (−1)-curves.

Definition 7.3. A Weierstrass fibration is an elliptic surface obtained from an
elliptic surface by contracting all fiber components not meeting the section. We
call the output of this process a Weierstrass model. If starting with a smooth
relatively-minimal elliptic surface, we call the result a minimal Weierstrass
model.

Lastly, the geometry of an elliptic surface is largely influenced by the funda-
mental line bundle L which is the L in a weighted linear series.

Definition 7.4. The fundamental line bundle of an elliptic surface is L :=
( f∗NS/X )∨, where NS/X denotes the normal bundle of S in X .

An important observation is that the Weierstrass model over Z
�1

6

�

has a
global Weierstrass equation of the form

(4) {y2 = x3 + Ax + B} ∈ PC(O⊕L⊗−2 ⊕L⊗−3)

where A∈ H0(C ,L⊗4) and B ∈ H0(C ,L⊗6) as in [Mir89, Cor. 2.5] and the mini-
mality condition for the Weierstrass model is exactly the same as the minimality
condition as in §3.2 for a weighted linear series.

The singular fibers of elliptic fibrations were classified in the classical works of
[Kod63, N6́4]. There are two types of elliptic surfaces depending on what kind
of singular fibers (i.e. bad reductions) underlying elliptic fibrations have. When
there exists only multiplicative bad reductions then we call such a smooth
relatively-minimal elliptic surface to be an semistable elliptic surface. When there
exists at least one additive bad reduction then we call such a smooth relatively-
minimal elliptic surface to be an unstable elliptic surface. By the well-known
Tate’s algorithm, the classification of singular fibers corresponds to vanishing
conditions on the coefficients of the Weierstrass equation (see [Her91, Table
1]).

The following is clear.

Proposition 7.5. The height moduli space Wmin
n,C (4,6) =Mn,C(P(4, 6),O(1)) of

weighted linear series is the moduli stack of minimal Weierstrass models ( f : X →
C , S) with the degree of the fundamental line bundle equal to n.

As an immediate corollary we obtain the following.

Corollary 7.6. The stratum Rγn,C(4,6) is the moduli space of Weierstrass elliptic
surfaces with unstable fibers specificed by γ. Moreover, the Faltings height of an
elliptic surface given by the degree of the of the fundamental line bundle agrees
with the stacky height for a rational point of M1,1

∼= P(4, 6) with O(1).

On the other hand, the spaces of twisted maps to M1,1 also have an interpre-
tation as moduli of elliptic surfaces. This was originally used in [AV02, AB19]
to compactify the moduli space of elliptic surfaces. We review the construction
here for the benefit of the reader.
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Definition 7.7. A stable stack-like elliptic surface is a tuple (h : Y → C,S)
where h is a surjective proper representable morphism from an orbifold surface
to a twisted curve and (Y ,S)→ C is a flat family of stable elliptic curves with
section such that the stabilizers of C act generically fixed point free on the fibers
of h. A twisted model is the coarse moduli space (g : Y → C , S0) of a stable
stack-like surface.

A stable stack-like surface induces a representable classifying morphism

ϕ : C→M1,1

where Y ∼=C ϕ
∗E for E →M1,1 the universal family. In particular, the twisted

structure on C and the stabilizer action on ϕ∗O(1) are encoded by a tuple of
local twisting conditions Γ .

Proposition 7.8. The space HΓd(P(4,6)) is the moduli of stable stack-like elliptic
surfaces with local twisting conditions Γ such that ϕ∗O(1)∼= L is the fundamental
line bundle and 12d = deg( j) where j : C → M1,1 is the j-map. In particular, the
stable height of an elliptic surface is 1

12 deg( j).

Proof. The identification of moduli spaces is clear. The only thing we need to
check is that 12d = deg( j) but this follows from the observation thatπ∗OP1(1) =
O(12) where π : M1,1→ M1,1

∼= P1 is the coarse map. ■

Remark 7.9. In the special case Γ is empty, HΓn is just Homn(C ,M1,1) studied in
[HP19] for C = P1 case regarding its motive in the Grothendieck ring of stacks
and [BPS22] for a general smooth projective curve C of any genus g regarding
its ℓ-adic étale cohomology with Frobenius weights. The identification between
H;n and R;n is simply the fact that a semi-stable elliptic surface can equivalently
be described by a Weierstrass equation or by a classifying morphism C →M1,1

and in this case the stacky height is exactly n= 1
12 deg( j).

7.1. Geometric interpretation of Tate’s algorithm. By Tate’s algorithm, the
base profile γ of the Weierstrass equation determines the unstable singular Ko-
daira fibers of the minimal resolution. On the other hand, by Theorem 1.2
for weighted projective stacks, this is equivalent to local twisting conditions Γ
which in turn determines the stabilizers of the stable stack-like model. The un-
stable singular fibers of the twisted model are then determined by the following
lemmas.

Lemma 7.10. Let h : E → D be a semistable family of elliptic curves where D =
�

Spec k[t]sh/µr

�

and ϕ : D→M1,1 is a twisted map with local condition (r, a).
Let p ∈ E0 be a smooth fixed point of the µr action on the central fiber E0. Then
the weights of the µr action on the tangent space TE ,p are (−1,−a).

Proof. Since D is strictly henselian, there is a section of S of h : E → D passing
through p. Thus the tangent space TE ,p splits as a direct sum of fiber and section
direction and each of these directions are eigenspaces for the µr action. The
section direction is canonically isomorphic to the tangent space TD,0 of the base
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which is isomorphic to (m/m2)∨ where m is the maximal ideal of 0. Since t is a
uniformizer, m/m2 is rank 1 generated by t which transforms as t 7→ ζt, so the
dual has weight (−1). On the other hand, L= ϕ∗O(1) is the fundamental line
bundle of the elliptic fibration and thus isomorphic to h∗(NS/E)∨. Thus the fiber

L∨|0 ∼= NS/E |0 = TE0,p

and so the weight of µr acting on TE0,p is minus the weight on L|0 which is
−a. ■

Lemma 7.11. Let (h : E → D,S) be a stable stack-like elliptic surface over D =
�

Spec k[t]sh/µr

�

and let (g : Y → D, S0) be the coarse moduli space. Then the
central fiber g∗(0) has multiplicity r.

Proof. Let π : E → Y and ρ : D → D be the coarse moduli maps. Then ρ is
ramified to order r at 0 so h∗ρ∗(0) = rE0. By commutativity ofπ,ρ, h and g, we
have π∗g∗(0) = rE0. On the other hand, µr acts faithfully on E0. In particular,
this action is generically fixed point free so π is generically étale along E0 and
of degree 1. Thus π∗E0 = Y0 so by push-pull, we have g∗(0) = rY0. ■

Particularly, we remark that this gives a new interpretation of Tate’s algorithm
as: the vanishing condition γ = (ν(a4), ν(a6)) of the minimal weighted linear
series =⇒ the local twisting condition Γ = (r, a) of the twisted maps =⇒
the unstable singular fibers of the twisted model =⇒ specified type of Kodaira
fiber by resolving singularities and contracting (−1)-curves. This is summarized
in the diagram below.

Y = ϕ∗ E E

X X ′ X̂ Y

C M1,1

C C C C M1,1

h

π

p

f f ′

Weierstrass resolution

f̂

contraction

g

ϕ

ρ

j

ψ

Here f is a Weierstrass model, ψ is the associated weighted linear series
viewed as a rational map to M1,1, j is the j-invariant, ϕ is the universal tuning
stack which induces a stable stack-like model h : Y → C, g : Y → C is the
twisted model, f̂ is a resolution of Y , and f ′ is the relative minimal model
obtained by contracting relative (−1)-curves. Lemmas 7.10 and 7.11 determine
singular fibers of g and the singularities of Y which determine X̂ and in turn the
Kodaira fiber of the minimal model f ′. By Proposition 3.9, the local twisting
conditions for ϕ depend only on the base multiplicity of the normalized linear
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series. The extra data we need to determine the singular fiber is simply the
order of vanishing of the j map at j =∞ as this determines the singularities of
Y . Combining these observations, we get.

Theorem 7.12 (Tate’s algorithm via twisted maps). The local twisting condi-
tion (r, a) and the order of vanishing of j at j = ∞ determine the Kodaira
fiber type of the relative minimal model, and (r, a) is in turn determined by m =
min{3ν(a4), 2ν(a6)}.

Remark 7.13. The fact that Tate’s algorithm can be phrased so that the Kodaira
fiber depends only on the normalized base multiplicity, that is, the minimum of
the normalized orders of vanishing of the Weierstrass equation was first ob-
served in [DD13].

The output of this analysis is summarized in Theorem 1.6. A key point is
that Theorem 3.3 and Proposition 3.9 allows us to carry out this analysis for
any moduli spaces which are isomorphic to weighted projective stacks and thus
gives us a generalization of Tate’s algorithm for maps to weighted projective
stacks.

Example 7.14. Suppose that normalized base multiplicity m = 3. This occurs
if and only if (ν(a4),ν(a6)) = (1,≥ 2). Then r = 12/gcd(3,12) = 4 and a =
3/gcd(3,12) = 1. Thus the stabilizer of the twisted curve acts on the central
fiber of the twisted model via the character µ4 → µ4, ζ4 7→ ζ−1

4 . In particular,
the central fiber E of Y has j = 1728. The µ4 action on E has two fixed points,
and there is an orbit of size two with stabilizer µ2 ⊂ µ4. Let E0 be the image
of E in the twisted model Y . By Lemma 7.11, E appears with multiplicity 4
By Lemma 7.10, Y has 1

4(−1,−1) quotient singularities at the images of the
the fixed points and a 1

2(−1,−1) singularity at the image of the orbit of size
two. Each of these singularities is resolved by a single blowup to obtain X̂ with
central fiber 4Ẽ0 + E1 + E2 + E3 where Ei are the exceptional divisors of the
resolution for i = 1, 2,3 and E2

1 = E2
2 = −4 with E2

3 = −2. Then Ẽ0 is a (−1)-
curve so it needs to be contracted. After this contraction E2 becomes a (−1)
curve and must also be contracted. Since Ei for i = 1,2, 3 are incident and
pairwise transverse after blowing down Ẽ0, then the images of E1 and E2 must
be tangent after blowing down E3. Moreover, they are now (−2)-curves and so
we conclude that this is the relatively minimal model and that it is the type III
configuration in Kodaira’s classification. See [AB17, Sec. 4] for more details on
these blowup computations.

Example 7.15. Suppose m = 6 which occurs in the cases (ν(a4),ν(a6)) =
(2, 3), (≥ 3,3) or (2,≥ 4). Note these three cases are distinguished by their
j-invariant but are identical from the point of view of twisted maps. Then
(r, a) = (2,1) so we have a µ2 automorphism on the central fiber E ⊂ Y . If
j ̸=∞, E is smooth and the µ2 action has 4 fixed points, the 2-torsion points.
The image E0 of E appears with multiplicity 2 in the central fiber of the twisted
model Y and Y has four 1

2(−1,−1) singularities. Note these are simply A1 sin-
gularities so they are resolved by a single blowup which extracts a (−2)-curve.
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This resolution is already relatively minimal and it is exactly a Kodaira I∗0 fiber.
If j =∞ then E is nodal. There are two smooth fixed points as well as the
nodal point. At the nodal point Y has an A2n−1 singularity where 2n is the ram-
ification of ϕ, or equivalently n is the order of vanishing j at∞. The quotient
of the A2n−1 singularity by the µ2 action is an A3 singularity if n= 1 and a Dn+2
singularity if n ≥ 2. In either case, resolving these singularities yields a Dn+4
configuration of (−2) curves, that is, an I∗n fiber. See [AB17, Lem. 4.2] for more
details about this resolution.

7.2. Identifying the universal families. In this section we promote the geo-
metric discussion of Tate’s algorithm via twisted maps in the previous section
(which we now think of as a bijection between Weierstrass elliptic surfaces of
height n with vanishing conditions µ = (m1, . . . , ms) and twisted elliptic sur-
faces of stable height d with twisting conditions Γ = {(r1, a1), . . . , (rs, as)}) into
an identification of respective universal families.

More specifically, by Proposition 5.8, we have a canonical isomorphism

(5) ρ : HΓn ∼=Rµn
where µ and Γ are in bijection via Lemma 5.6 and

n= d +
∑ ai

ri
.

By Corollary 7.6, we have a universal family ( f : X → C×Rµn , S,σ1, . . . ,σs) of
Weierstrass elliptic surfaces of height n with section S and unstable fibers along
the marked points σi : Rµn → C ×Rµn with normalized base multiplicity mi . On
the other hand, by Proposition 7.8, there is a universal family of stable stack-
like elliptic surfaces (h : Y → C → HΓd ,S,Σ1, . . . ,Σs) where Σi are a family of
marked gerbes with twisting conditions Γ . By taking coarse space we also have
a universal family of twisted surfaces (g : Y → C ×HΓd →HΓd , S0,σi).

Theorem 7.16. The isomorphism ρ is induced by a birational transformation of
universal families. More precisely, ρ∗( f : X → C ×Rµn , S,σi) is the family of
Weierstrass models of (h : Y → C → HΓd ,S,Σi) and conversely (ρ−1)∗(g : Y →
C ×HΓd → HΓd , S0,σi) is the family of twisted models of ( f : X → C ×Rµn →
Rµn , S,σi).

Proof. The proof follows the same strategy as the general wall-crossing theo-
rems of [AB21, Inc20, ABIP23] for moduli of elliptic surfaces. Namely both
twisted models and Weierstrass models are canonical models of the pair (X ′, S′+
∑

ai Fi) for different coefficients ai . Here (X ′ → C , S′) is a relatively minimal
elliptic surface and Fi are the unstable fibers. Both H and R can then be identi-
fied as strata in the moduli space of log canonical models and ρ is the restriction
of a wall-crossing morphism which relates the moduli space for different values
of ai . The content of the theorem then is that the minimal model programs that
terminate in the Weierstrass model (resp. the twisted model) can be run on the
universal families. In order to avoid the technical details of moduli spaces of
canonical models, we sketch a direct proof here.
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First note that since our stacks are tame, the formation of the coarse moduli
space g : Y → C ×HΓd → HΓd commutes with base change and Y → HΓd is
flat. Moreover, for each i, we can consider the family Pi = S ∩ h−1(Σi). The
stabilizer µri

of Σi acts by an automorphism of the fiber as a pointed elliptic
curve and in particular fixes the section S. Thus Pi →HΓd is an étale µri

-gerbe,
in fact isomorphic to Σi , and the weight of the µri

action on the tangent space
of the fibers of Y → HΓd is fixed by Lemma 7.10 as we fix the local twisting
condition (ri , ai). Thus the family of twisted surfaces Y → HΓd is equisingular
with singularity 1

ri
(−1,−ai) along the coarse space Pi = S0 ∩ f −1(σi) ⊂ Y of

Pi ⊂ Y . By [Inc20, Prop. 5.9], we can take a partial fiberwise resolution µ :
X̂ → Y → HΓd which resolves the singularities of the family Y → HΓd along Pi
for each i.

Denote the corresponding family of elliptic fibrations by

( f̂ : X̂ → C ×HΓd →HΓd , Ŝ, σ̂i).

By construction, the section Ŝ passes through the smooth locus of f̂ and the
formation of µ commutes with basechange. Now the Weierstrass model of f̂
can be computed as the relative Proj

X ′ = ProjC×HΓd

⊕

m≥0

f̂∗OX̂ (mŜ)→ C ×HΓd .

The cohomology H i
�

f̂ −1(p),OX̂ (mŜ)
�

�

f̂ −1(p)

�

= 0 for each p ∈ C×HΓd and i > 0
and so the formation of X ′ commutes with base change. Thus we have produced
a family of Weierstrass models ( f ′ : X ′→ C ×HΓd →HΓd , S′,σ′i) over HΓd . More-
over, for each ξ ∈HΓd , the fiber ( f ′

ξ
: X ′

ξ
→ C , S′

ξ
, (σ′i)ξ) is the Weierstrass model

of the fiber (h : Yξ→ Cξ,Sξ, (Σi)ξ). By Tate’s algorithm via twisted maps (The-
orem 7.12), this family of Weierstrass model has marked unstable fibers with
vanishing conditions µ and thus induces the map ρ : HΓd →Rµn such that

( f ′ : X ′→ C ×HΓd →HΓd , S′,σ′i) = ρ
∗( f : X → C ×Rµn →Rµn , S,σi)

as required. The converse follows since ρ is an isomorphism by Proposition
5.8. ■

The upshot is that under the identification ρ : HΓd ∼= Rµn , the height mod-
uli space has two interpretations as the moduli space of elliptic surfaces with
specified Kodaira fibers and these two interpretations are equivalent by Tate’s
algorithm via twisted maps.

8. MOTIVES & POINT COUNTS OF HEIGHT MODULI OVER FINITE FIELDS

In this section, we compute the classes in the Grothendieck ring of stacks
of height moduli spaces of k(t)-points of M1,1. These computations will be
used in the next section to obtain weighted and unweighted counts of minimal
elliptic surfaces over P1, and also counts of minimal elliptic surfaces over P1

with exactly one specified Kodaira fiber type.
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8.1. Point counts of algebraic stacks over finite fields. We review the ba-
sics on arithmetic of algebraic stacks over finite fields. Due to the presence of
automorphisms, point counts of an algebraic stack X are usually weighted.

Definition 8.1. The weighted point count of an algebraic stack X with finite
inertia over Fq is defined as a sum

#q(X ) :=
∑

x∈X (Fq)/∼

1
|Aut(x)|

,

where X (Fq)/∼ is the set of Fq–isomorphism classes of Fq–points of X .

In particular, the weighted point count #q(X ) is not equal to the number
|X (Fq)/ ∼ | of Fq–isomorphism classes. The main advantage of the weighted
point count is that it depends only on the cohomology of X and is equal to the
usual point count of the coarse moduli space when it exists. On the other hand,
it is often interesting to also consider the unweighted count of isomorphism
classes. The following result of [HP23] shows that the unweighted point count
is also natural and depends on the arithmetic geometry of the inertia stack of
X .

Theorem 8.2 (Theorem 1.1. of [HP23]). Let X be an algebraic stack over Fq
of finite type with quasi-separated finite type diagonal and let I(X ) be the inertia
stack of X . Then,

|X (Fq)/∼ |= #q(I(X ))

8.2. Grothendieck ring of stacks. We review some properties of the Grothendieck
ring of stacks introduced in [Eke25].

Definition 8.3. [Eke25, §1] The Grothendieck ring of stacks K0(Stckk) is the
abelian group generated by classes {X }k for each algebraic stack X of finite
type over k with affine inertia modulo the relations

• {X }k = {Z}k + {X ∖Z}k for Z ⊂ X a closed substack,
• {E}k = {X ×k An}k for E a vector bundle of rank n on X .

Multiplication on K0(Stckk) is induced by {X }k{Y}k := {X ×k Y}. There is a
distinguished element L := {A1}k ∈ K0(Stckk), called the Lefschetz motive. We
drop the subscript if k is clear.

We denote by K ′0(Stckk) the ring obtained by imposing only the cut-and-paste
relation but not the vector bundle relation and denote the class of a stack in this
ring by {X }′.

The Grothendieck ring is universal with respect to additive invariants. When
k = Fq, the point counting measure {X } 7→ #q(X ) is a well-defined ring ho-
momorphism #q : K0(StckFq

)→Q giving the weighted point count #q(X ) of X
over Fq. When {X } is a polynomial in L, the weighted point count is polynomial
in q.

Recall that an algebraic group G is special in the sense of [Ser58] and [Gro58],
if every G-torsor is Zariski-locally trivial; for example Ga, GLd , SLd are special
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and PGL2, PGL3 are non-special. If X → Y is a G-torsor and G is special, then
we have {X }= {G} · {Y} ([Eke25, Prop. 1.1 iii)]).

Finally, we can use the following result to access unweighted point counts.

Proposition 8.4. [dFLNU07, Prop. 5.3] The association X 7→ IX extends to a
unique ring homomorphism

I : K ′0(Stckk)→ K ′0(Stckk)

which we call the inertia operator.

Note that I does not descend to a well defined operator on K0(Stck). For
example, by [Eke25, Prop. 1.1 iii)],

{P(2, 2)}=
��

A2∖ {(0,0)}/Gm

�	

= {P1}

but {IP(2, 2)}= 2{P(2,2)} ≠ {IP1}.

8.3. The motivic height zeta function of a weighted projective stack. In this
section we define and compute the motivic height zeta function forP(λ0, . . . ,λN )
for the function field K = k(P1).

Definition 8.5. The motivic height zeta function of P(λ0, . . . ,λN ) is the formal
power series

Zλ⃗(t) :=
∑

n≥0

�

Wmin
n

	

tn ∈ K0(Stck)⟦t⟧

where Wmin
n is the space of minimal weighted linear series on P1 of height n.

We let Z ′
λ⃗
(t) ∈ K ′0(Stckk)⟦t⟧ denote the same generating series over K ′0(Stckk).

We also define the variant

IZλ⃗(t) :=
∑

n≥0

�

IWmin
n

	

tn ∈ K0(Stckk)⟦t⟧

and IZ ′
λ⃗
(t) ∈ K ′0(Stckk)⟦t⟧ the same generating series over K ′0(Stckk).

We also denote by

Z(t) =
∑

{Syme P1}t e =
1

(1−Lt)(1− t)

the usual motivic zeta function of P1.

Lemma 8.6. The following equalities of formal power series hold over K ′0(Stckk).

∑

n≥0

�

P
� N
⊕

i=0

Vλi
n

��′

tn = Z ′
λ⃗
(t) · Z(t)(6)

∑

n≥0

�

IP
� N
⊕

i=0

Vλi
n

��′

tn = IZ ′
λ⃗
(t) · Z(t)(7)
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Proof. We can stratify each of the terms on the left hand side by the minimality
defect as in Corollary 6.2 to obtain an equality

�

P
� N
⊕

i=0

Vλi
n

��′

=
n
∑

e=0

{Wmin
n−e }

′{Syme P1}′

which implies the first equality by expanding the product. The second equality
follows by applying I to both sides and using Proposition 8.4. ■

Next we compute the image of the left hand side of Equation (6) in K0(Stckk).
Let |λ⃗|=

∑

λi denote the sum of the weights.

Lemma 8.7.

∑

n≥0

�

P
� N
⊕

i=0

Vλi
n

��

tn =
{PN}+LN+1{P|λ⃗|−N−2}t
(1− t)(1−L|λ⃗| t)

Proof. Note that
⊕N

i=0 Vλi
n has dimension

N
∑

i=0
(nλi + 1) = n|λ⃗| + N + 1 thus by

[Eke25, Prop. 1.1 iii)], we have
¦

P
�

⊕N
i=0 Vλi

n

�©

= L
n|λ⃗|+N+1−1
L−1 and this implies

∑

n≥0

Ln|λ⃗|+N+1 − 1
L− 1

tn =
LN+1

L− 1

∑

n≥0

(L|λ⃗| t)n −
1
L− 1

∑

n≥0

tn

=
LN+1

(L− 1)(1−L|λ⃗| t)
−

1
(L− 1)(1− t)

=
1
L− 1

�

LN+1 − 1+ (L|λ⃗| −LN+1)t

(1− t)(1−L|λ⃗| t)

�

=
{PN}+LN+1{P|λ⃗|−N−2}t
(1− t)(1−L|λ⃗| t)

since |λ⃗| ≥ N + 1.

■

To compute the left hand side of Equation (7), we need some notation Fol-
lowing [HP23, Sec. 3]. Let lµ.. k denote the Gal(ksep/k) orbits of roots of unity in
ksep and for any g ∈ lµ.. k let k(g)/k be the field extension obtained by adjoining
those roots of unity. For each element g we have a well defined order ord(g)
since the Galois action preserves the order of the root of unity. For any g ∈ lµ.. k,
let Ig ⊂ {0, . . . , N} denote the largest subset of indices such that ord(g) divides
gcd{λi}i∈Ig

and we let λ⃗g = (λi)i∈Ig
be the weights corresponding to Ig . We let

Ng = #Ig −1. Finally, we let µ∞(k) be the roots of unity in k, i.e. the elements
g ∈ lµ.. k such that k(g) = k.
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Lemma 8.8.
∑

n≥0

�

IP
� N
⊕

i=0

Vλi
n

��

tn =
∑

g∈µ∞(k)

{PNg }+LNg+1{P|λ⃗g |−Ng−2}t

(1− t)(1−L|λ⃗g | t)
+

∑

g∈lµ.. k∖µ∞(k)

Qg(t)

where the Qg(t) are power series in K0(Stckk) whose coefficients have no k-points.

Proof. By [HP23, Prop. 3.5], we have

∑

n≥0

�

IP
� N
⊕

i=0

Vλi
n

��

k

tn =
∑

g∈lµ.. k

∑

n≥0

(

Pk(g)

 

⊕

i∈Ig

V
λ j
n

!)

k

tn

Note that for any stack X /k and finite extension k′/k, Xk′ has no k-point and
so the terms where k(g) ̸= k satisfy the condition on Qg(t). For those g such

that k(g) = k, note then we have dim
⊕

i∈Ig

Vλi
n =

∑

i∈Ig

(nλi + 1) = n|λ⃗g |+ Ng + 1

and so by Lemma 8.7,

∑

n≥0

�

IP
� N
⊕

i=0

Vλi
n

��

tn =
∑

g∈lµ.. k

∑

n≥0

(

P

 

⊕

i∈Ig

Vλi
n

!)

tn

=
∑

g∈µ∞(k)

∑

n≥0

Ln|λ⃗g |+Ng+1 − 1
L− 1

tn +
∑

g∈lµ.. k∖µ∞(k)

Qg(t)

=
∑

g∈µ∞(k)

{PNg }+LNg+1{P|λ⃗g |−Ng−2}t

(1− t)(1−L|λ⃗g | t)
+

∑

g∈lµ.. k∖µ∞(k)

Qg(t)

■

Theorem 8.9. The motivic height zeta functions Zλ⃗(t) and IZλ⃗(t) are given by
the following formulas in K0(Stckk):

(a)

Zλ⃗(t) =
1−Lt

1−L|λ⃗| t

�

{PN}+LN+1{P|λ⃗|−N−2}t
�

(b)

IZλ⃗(t) =
∑

g∈µ∞(k)

1−Lt

1−L|λ⃗g | t

�

{PNg }+LNg+1{P|λ⃗g |−Ng−2}t
�

+
∑

g∈lµ.. k∖µ∞(k)

Rg(t)

where Rg(t) are power series whose coefficients have no k-points.

Remark 8.10. (1) Note that the sum is finite as Ig is empty for all but
finitely many g.

(2) We expect that Rg(t) is still a rational function in K0(Stckk) though this
is not clear.
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Proof. This follows by combining Lemma 8.6 with the computations in Lemmas
8.7 and 8.8 and the explicit formula Z(t) = 1

(1−t)(1−Lt) .
■

8.4. Motives and point counts of Poly-spaces over finite fields. The Poly-
space is a variety of independent interest which is used throughout the subse-
quent proofs. We begin with Poly(d1,...,dm)

1 , a slight generalization of [FW16, Def.
1.1].

Definition 8.11. Fix m ∈ Z+ and d1, . . . , dm ≥ 0. Define Poly(d1,...,dm)
1 as the set

of tuples ( f1, . . . , fm) of monic polynomials in K[z] so that

(1) deg fi = di for each i, and
(2) f1, . . . , fm have no common roots in K .

Note that Poly(d1,...,dm)
1 sits inside an affine space parameterizing tuples of

monic coprime polynomials. It is the complement of the resultant hypersurface
and so can be endowed with the structure of affine variety defined over Z.

The motive of the Poly-space Poly(d1,d2)
1 over k is given by the following.

Proposition 8.12. Fix d1, d2 ≥ 0.

¦

Poly(d1,d2)
1

©

=

�

Ld1+d2 −Ld1+d2−1 if d1, d2 > 0 ,
Ld1+d2 if d1 = 0 or d2 = 0 .

Proof. We refer the reader to [HP19, Prop. 18] for the details of the proof. The
proof in (loc.cit.) is analogous to the proof of [FW16, Thm. 1.2]. Here we
point out that the motive formula

¦

Poly(d1,d2)
1

©

not only holds in char(k) = 0
(c.f. the corrigendum [FW19]) but also holds in any char(k) = p due to the
critical correction from [PS21, Prop. 3.1] utilizing the Euclidean algorithm. For
the more general result on

¦

Poly(d1,...,dm)
1

©

with more tuples of polynomials, we
refer the reader to [HP23, Prop. 4.4]. ■

We now consider Poly-spaces of polynomials with a common zero of specified
vanishing orders.

Definition 8.13. Fix a, b ∈ Z+ and d1, d2 ≥ 0. Define Poly(d1,d2)
(≥a,b) as the space

parameterizing monic polynomials ( f1, f2) in k[z] of degrees (d1, d2) such that

(1) 0 is the only common root of f1 and f2 over k,
(2) At 0, f1 vanishes to order at least a and f2 has exact order of vanishing

b.

We have analogously defined Poly-spaces Poly(d1,d2)
(a,≥b) and Poly(d1,d2)

(a,b) .
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Proposition 8.14. Fix a, b ∈ Z+ and 0≤ d1 ≤ d2. Set α= d1−a and β = d2− b.
The motive of the Poly-space Poly(d1,d2)

(≥a,b) over k is given by

¦

Poly(d1,d2)
(≥a,b)

©

=
¦

Poly(d2,d1)
(b,≥a)

©

=



























(L− 1) · L
α+β−Lα−β
L+1 , if 0< β ≤ α,

(L− 1) · L
α+β+Lβ−α−1

L+1 , if 0≤ α < β ,

Lα, if β = 0

The motive of the Poly-space Poly(d1,d2)
(a,b) (i.e. the space of monic polynomials ( f1, f2)

in K[z] of degrees (d1, d2) having exact order of vanishing (a, b) at 0) over k is
given by

¦

Poly(d1,d2)
(a,b)

©

=
¦

Poly(d1−a,d2−b)
1

©

−
¦

Poly(d1,d2)
(≥(a+1),b)

©

−
¦

Poly(d1,d2)
(a,≥(b+1))

©

Proof. We prove the result by induction on min(α,β). If 0 = β ≤ α, we have
Poly(d1,d2)

(≥a,d2)
is the space of polynomials (za g(z), zd2) with g(z) monic; this space

is isomorphic to Aα, so has motive Lα. Similarly, if 0 = α < β , then Poly(d1,d2)
(≥d1,b)

is the space of polynomials of the form (zd1 , zb g(z)), where g(z) is monic of
degree d2 − b and g(0) ̸= 0, i.e., the constant term of g is non-zero. Thus,
Poly(d1,d2)

(≥d1,b) ≃Gm ×Aβ−1 which has motive (L− 1)Lβ−1.
We may now assume α and β are positive. Notice that via the map ( f1, f2) 7→

(za f1, zb f2), the space Poly(d1−a,d2−b)
1 may be identified with the locally closed

subscheme Poly(d1,d2)
(≥a,b) ∪ Poly(d1,d2)

(a,≥b+1); the union is taking place in the ambient
weighted projective stack. Therefore

¦

Poly(d1,d2)
(≥a,b)

©

=
¦

Poly(d1−a,d2−b)
1

©

−
¦

Poly(d2,d1)
(≥b+1,a)

©

.

If d2− b = 1 then we apply Proposition 8.12 to the first term and the α= 0 case
above to the second term (note the roles of d2 and d1 have switched).

Otherwise, we apply the same relation to Poly(d2,d1)
(≥b+1,a) to obtain

¦

Poly(d1,d2)
(≥a,b)

©

=
¦

Poly(d1−a,d2−b)
1

©

−
¦

Polyd2−b−1,d1−a
1

©

+
¦

Poly(d1,d2)
(≥a+1,b+1)

©

.

Then min{α,β} has dropped by 1 for the last term and the result follows by
induction and Proposition 8.12.

The motive of the Poly-space Poly(d1,d2)
(a,b) is immediate from the definitions. ■

8.5. Motives of height moduli with a fixed Kodaira type. Following Proposi-
tion 6.7, we consider the case l = 1 (i.e. there is exactly one additive reduction
fiber of specified Kodaira type and the rest of the bad reduction fibers are strictly
multiplicative). We now compute a formula for Wγ

n,P1(P(4,6)) for each Kodaira
type γ : (ν(a4), ν(a6)) as prescribed in Theorem 1.6.
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More generally, we consider Wγ

n,P1(P(λ0,λ1)) =: Wγ
n where γ = (a, b), (≥

a, b), or (a,≥ b) is a single vanishing condition.

Proposition 8.15. The class of Wγ
n :=Wγ

n,P1(λ0,λ) for the vanishing condition
γ is

{Wγ
n}= {P

1}·{Gm}·

 

¦

Poly(λ0n,λ1n)
γ

©

+
λ0n−1
∑

k=a

¦

Poly(k,λ1n)
γ

©

+
λ1n−1
∑

l=b

¦

Poly(λ0n,l)
γ

©

!

Proof. Recall first that by Proposition 6.7 we have {Wγ
n}= {P1} ·{Wγ

n (0)}. So it
suffices to compute {Wγ

n (0)}which leads us to the stratification into Poly-spaces
adopted from the proof of Theorem 1 in [HP19, §4.1].

Consider T ⊂ H0(OP1(λ0n)) ⊕ H0(OP1(λ1n))∖ {0} a Gm-equivariant open
subset parameterizing pairs (U , V ) with exactly one common zero at 0 = [1 :
0] ∈ P1 and with specified vanishing condition γ, whereGm acts via t ∗(U , V ) =
(tλ0 U , tλ1 V ). Since γ consists of a single tuple, in the notation from Definition
4.18, we have Sµ is the trivial group. Then by Theorem 4.28, we have Wγ

n,C =
Rγn,C . Using the moduli interpretation for Rγn,C given after Definition 4.19, we
see Wγ

n (0) = [T/Gm].
Now fix a chart A1 ,→ P1 with x 7→ [1 : x], and call 0= [1 : 0] and∞= [0 :

1]. It comes from a homogeneous chart of P1 by [Y : X ] with x := X/Y away
from∞. Then for any (U , V ) ∈ T , U and V are homogeneous polynomials in X
and Y with degrees λ0n and λ1n respectively. By plugging in Y = 1, we obtain
representations of u(x) and v(x) as polynomials in x with degrees at most λ0n
and λ1n, respectively. For instance, deg u < λ0n as a polynomial in x if and
only if U(X , Y ) is divisible by Y λ0n−k, i.e. vanishes at∞. From now on, deg P
means the degree of P as a polynomial in x . We will say (u, v) ∈ T if u= U(x , 1)
and v = V (x , 1) for (U , V ) ∈ T .

Denoting deg u := k and deg v := l, then one of k = λ0n or l = λ1n
if (U , V ) ∈ T (as they do not simultaneously vanish at ∞) and u, v have a
unique common root at 0 with specified vanishing condition γ. Since there are
many possible degrees for a pair (u, v) ∈ T , consider the locally closed subsets
Tk,l := {(u, v) ∈ T : deg u = k, deg v = l}. Notice that Tk−1,λ1n ⊂ T k,λ1n as for
any (u, v) ∈ Tk−1,λ1n, U(X , Y ) has a description as Y λ0n−k+1U ′(X , Y ) which is
U[1:0](X , Y ) for a pencil polynomials U[t0:t1](X , Y ) = Y λ0n−k(t1Y− t0X )U ′(X , Y )
where (U[1:t1], V ) ∈ Tk,λ1n. Hence, we obtain the following stratification:

T = Tλ0n,λ1n ⊔

�

λ0n−1
⊔

k=a

Tk,λ1n

�

⊔

�

λ1n−1
⊔

l=b

Tλ0n,l

�

T = Tλ0n,λ1n ⊋ Tλ0n−1,λ1n ⊋ · · · ⊋ Ta,λ1n

T = Tλ0n,λ1n ⊋ Tλ0n,λ1n−1 ⊋ · · · ⊋ Tλ0n,b

Tλ0n−k,λ1n ∩ Tλ0n,λ1n−l =∅ ∀k, l > 0
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Then,

(8) {T}= {Tλ0n,λ1n}+
λ0n−1
∑

k=a

{Tk,λ1n}+
λ1n−1
∑

l=b

{Tλ0n,l}

Lastly, note that for each term Tα,β in the above sum, we have a map Tα,β →G2
m

which takes (u, v) to its leading coefficients. This map is G2
m-equivariant for the

natural scaling action on (u, v) and the fiber over (1,1) is exactly Poly(α,β)
γ . Thus

taking Gm-quotients and applying [Eke25, Prop. 1.1 iii)] yields the result. ■

9. ENUMERATIONS OF ELLIPTIC CURVES OVER RATIONAL FUNCTION FIELDS

In this section we put together the results of the previous sections to compute
the motives of various height moduli of elliptic curves over the function field of
P1

k and in particular prove the explicit enumerations in Theorems 1.1 & 9.5 9.7.

9.1. Motives of height moduli spaces and associated inertia stacks. We
keep notation as in Section 8.3 By extracting the coefficients of the generating
series in Theorem 8.9, we obtain the following exact formulas for the classes of
Wmin

n and IWmin
n .

Theorem 9.1. The classes
�

Wmin
n

	

are given by the following formulas:
�

Wmin
0

	

= {PN}
�

Wmin
1

	

= {PN}(L|λ⃗| −L) +LN+1{P|λ⃗|−N−2}
�

Wmin
n≥2

	

= L(n−2)|λ⃗|+N+2(L|λ⃗|−1 − 1)(L|λ⃗|−N−1{PN}+ {P|λ⃗|−N−2})

Proof. For n= 0 its clear. For n= 1, the coefficient of t in the generating series
is

L|λ⃗|{PN} −L{PN}+LN+1{P|λ⃗|−N−2}= {PN}(L|λ⃗| −L) +LN+1{P|λ⃗|−N−2}.

Finally, for n≥ 2 the coefficient of tn is
�

Wmin
n≥2

	

= Ln|λ⃗|{PN}+L(n−1)|λ⃗|(LN+1{P|λ⃗|−N−2} −L{PN})−L(n−2)|λ⃗|LN+2{P|λ⃗|−N−2}

= L(n−2)|λ⃗|
�

L2|λ⃗|{PN}+L|λ⃗|(LN+1{P|λ⃗|−N−2} −L{PN})−LN+2{P|λ⃗|−N−2}
�

= L(n−2)|λ⃗|
�

(L2|λ⃗| −L|λ⃗|+1){PN}+ (L|λ⃗|+N+1 −LN+2){P|λ⃗|−N−2}
�

= L(n−2)|λ⃗|(L|λ⃗|−1 − 1)(L|λ⃗|+1{PN}+LN+2{P|λ⃗|−N−2})

= L(n−2)|λ⃗|+N+2(L|λ⃗|−1 − 1)(L|λ⃗|−N−1{PN}+ {P|λ⃗|−N−2})

■

Theorem 9.2. The motive of
�

IWmin
n

	

is given by the following:
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�

IWmin
0

	

=
∑

g∈µ∞(k)

PNg +
∑

g∈lµ.. k∖µ∞(k)

Rg,0

�

IWmin
1

	

=
∑

g∈µ∞(k)

{PNg }(L|λ⃗g | −L) +LNg+1{P|λ⃗g |−Ng−2}+
∑

g∈lµ.. k∖µ∞(k)

Rg,1

�

IWmin
n≥2

	

=
∑

g∈µ∞(k)

L(n−2)|λ⃗g |+Ng+2(L|λ⃗g |−1 − 1)(L|λ⃗g |−Ng−1{PNg }+ {P|λ⃗g |−Ng−2})

+
∑

g∈lµ.. k∖µ∞(k)

Rg,n

where Rg,n is the coefficient of tn in Rg(t) (see Theorem 8.9(b)) and in particular
Rg,n is the motive of a stack with no k-points.

Proof. The computations follow by applying the previous theorem to each term
in the sum over g ∈ lµ.. k in Theorem 8.9. ■

Remark 9.3. Note that for each g ∈ µ∞(k), the corresponding term in the for-
mula for IWmin

n is simply {Wmin
n ((λi)i∈Ig

)}, the motive of the moduli of mini-
mal linear series of height n on the weighted projective substack P((λi)i∈Ig

) ⊂
P(λ0, . . . ,λN ).

9.2. Proof of Theorems 1.8. We now apply Proposition 8.15 to compute the
motives for each Kodaira type.

As an example, we first compute the motive for additive reduction of type
II at j = 0 with the vanishing condition γ = (≥ 1,1). The first equality below
follows from Proposition 8.15 and the second equality from Proposition 8.14.

{W(≥1,1)
n (4,6)}= {P1} · {Gm} ·

�

¦

Poly(4n,6n)
(≥1,1)

©

+
4n−1
∑

k=1

¦

Poly(k,6n)
(≥1,1)

©

+
6n−1
∑

l=1

¦

Poly(4n,l)
(≥1,1)

©

�

= (L2 − 1) ·

�

(L− 1)

�

L10n−2 +L2n−1

(L+ 1)

�

+
4n−1
∑

k=1

(L− 1)

�

Lk+6n−2 +L−k+6n−1

(L+ 1)

�

+L4n−1

�

+ (L2 − 1) ·

� 4n
∑

l=2

(L− 1)

�

Ll+4n−2 −L−l+4n

(L+ 1)

�

+
6n−1
∑

l=4n+1

(L− 1)

�

Ll+4n−2 +Ll−4n−1

(L+ 1)

�

�

= (L2 − 1)L10n−2

In fact the same computation yields the following. Suppose λ1 > λ0 and let
γ= (a, b), (≥ a, b) or (a,≥ b) be a vanishing condition.

Proposition 9.4. Suppose λ1n− b ≥ λ0n− a, e.g. if n≫ 0. Then

{W(≥a,b)
n (λ0,λ1)}= {W(a,≥b)

n (λ0,λ1)}= (L2 − 1)L(λ0+λ1)n−a−b

{W(a,b)
n (λ0,λ1)}= (L2 − 1)

�

L(λ0+λ1)n−a−b −L(λ0+λ1)n−a−b−1
�
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Proof. The first formula follows as in the case above using Propositions 8.14 and
8.15.

For the second formula, by Proposition 8.15 and the second part of Proposi-
tion 8.14, we have

{W(a,b)
n }= {P1} · {Gm} ·

 

¦

Poly(λ0n,λ1n)
(a,b)

©

+
λ0n−1
∑

k=a

¦

Poly(k,λ1n)
(a,b)

©

+
λ1n−1
∑

l=b

¦

Poly(λ0n,l)
(a,b)

©

!

= (L2 − 1)

 

¦

Poly(λ0n,λ1n)
1

©

+
λ0n−1
∑

k=a

¦

Poly(k−a,λ1n−b)
1

©

+
λ1n−1
∑

l=b

¦

Poly(λ0n−a,l−b)
1

©

!

−W(≥a+1,b)
n −W(a,≥b+1)

n

The sum of Poly-spaces telescopes to L(λ0+λ1)n−a−b + L(λ0+λ1)n−a−b−1. The
result now follows by applying the first part to W(≥a+1,b)

n and W(a,≥b+1)
n .

■

The rest of the cases with different γ now follow by applying the proposition.
This completes the Proof of Theorems 1.8.

9.3. Enumerating elliptic curves over Fq(t) ordered by height of discrimi-
nant. Let∆ be the discriminant of a minimal elliptic fibration. Then the height
of the discriminant over Fq is ht(∆) := qdeg∆ = q12n where n is Faltings heignt
which by Proposition 7.6 agrees with the stacky height.

We first determine the sharp enumerations for the number of minimal elliptic
fibrations over P1

Fq
with a specified additive reduction of Kodaira type Θ type

and the rest of the bad reductions are at worst multiplicative.

Theorem 9.5. Let n ∈ Z+ and char(Fq) ̸= 2,3. The function N (Fq(t), Θ, B),
which counts the number of minimal elliptic curves over P1

Fq
having a single speci-

fied additive reduction of Kodaira typeΘ and at worst multiplicative reduction oth-
erwise, ordered by the multiplicative height of the discriminant ht(∆) = q12n ≤ B,
satisfies:

N (Fq(t), II with j = 0, B) = 2
q2 − 1
q10 − 1

· q8 ·
�

B5/6 − 1
�

N (Fq(t), III with j = 1728, B) = 2
q2 − 1
q10 − 1

· q7 ·
�

B5/6 − 1
�

N (Fq(t), IV with j = 0, B) = 2
q2 − 1
q10 − 1

· q6 ·
�

B5/6 − 1
�

N (Fq(t), I∗0 w. j ̸= 0,1728 or I∗k>0 w. j =∞, B) = 2
q2 − 1
q10 − 1

· (q5 − q4) ·
�

B5/6 − 1
�

N (Fq(t), I∗0 with j = 0,1728, B) = 2
q2 − 1
q10 − 1

· q4 ·
�

B5/6 − 1
�
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N (Fq(t), IV∗ with j = 0, B) = 2
q2 − 1
q10 − 1

· q3 ·
�

B5/6 − 1
�

N (Fq(t), III∗ with j = 1728, B) = 2
q2 − 1
q10 − 1

· q2 ·
�

B5/6 − 1
�

N (Fq(t), II∗ with j = 0, B) = 2
q2 − 1
q10 − 1

· q ·
�

B5/6 − 1
�

Proof of Theorems 1.1. We acquire the exact weighted point counts #q

�

Wγ
n
�

over Fq from the motive formulas {Wγ
n} by #q : L 7→ q. The exact number

|Wγ
n (Fq)/ ∼ | of Fq–isomorphism classes of Fq–points of the moduli stack Wγ

n

over Fq with char(Fq) ̸= 2,3 is |Wγ
n (Fq)/ ∼ | = 2 ·#q

�

Wγ
n
�

where the factor of
2 comes from the hyperelliptic involution i.e., the generic µgcd(4,6) stabilizer. By
Theorem 7.16 and Proposition 5.8, this is the count of elliptic surfaces of height
n over P1

Fq
with the additive reduction controlled by vanishing conditions γ cor-

responding to the given Kodaira fiber type Θ.

N (Fq(t), Θ, B) =

j

logqB
12

k

∑

n=1

|Wγ
n (Fq)/∼ |=

j

logqB
12

k

∑

n=1

2 ·#q

�

Wγ
n

�

For γ= (≥ a, b) or (a,≥ b), we have by Proposition 9.4
m
∑

n=1

·#q

�

Wγ
n

�

= (q2 − 1)
m
∑

n=1

q10n−a−b =
q2 − 1
q10 − 1

q10−a−b(q10m − 1).

Similarly, for γ= (a, b), we have
m
∑

n=1

·#q

�

Wγ
n

�

= (q2−1)
m
∑

n=1

q10n−a−b−q10n−a−b−1 =
q2 − 1
q10 − 1

(q−1)q10−a−b−1(q10m−1).

Since m=
� logqB

12

�

, we have the that q10m − 1 grows as B5/6 − 1.
■

Remark 9.6. Note that in each of the above cases, the elliptic curves over Fq(t)
are non-isotrivial and so the automorphism group is µ2. Thus the weighted
count N w is simply 1

2N . Moreover, ht(∆) is necessarily positive.

Finally, we determine the sharp enumeration for the number of minimal el-
liptic fibrations over P1

Fq
. This is achieved by considering the totality of rational

points on M1,1 over Fq(t) via Theorems 9.1 & 9.2. In order to keep track of
the primitive roots of unity contained in Fq, we define the following auxillary
function.

δ(x) :=

�

1 if x divides q− 1,
0 otherwise.
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Theorem 9.7. Let n ∈ Z≥0 and char(Fq)> 3. The counting functionN w(Fq(t), B)
(resp. N (Fq(t), B)), which gives the weighted count (resp. unweighted count) of
the number of minimal elliptic curves over P1

Fq
ordered by the multiplicative height

of the discriminant ht(∆) = q12n ≤ B, is given by the following.

N w(Fq(t), B) =

�

q9 − 1
q8 − q7

�

B5/6 − B1/6

N (Fq(t), B) = 2

�

q9 − 1
q8 − q7

�

B5/6 − 2B1/6

+δ(6) · 4
�

q5 − 1
q5 − q4

�

B1/2 +δ(4) · 2
�

q3 − 1
q3 − q2

�

B1/3

+δ(6) · 4+δ(4) · 2

Proof. We subtract the rational points landing on P(2) since we do not want
to count the generically singular j = ∞ isotrivial elliptic curves. Note that
δ(2) = 1 as q− 1 is always even for any odd prime power q. We have

N w(Fq(t), B) =

j

logqB
12

k

∑

n=0

#qWmin
n,P1(4,6)−

j

logqB
12

k

∑

n=0

#qWmin
n,P1(2).

Each of these sums can be computed via Theorem 9.1:
j

logqB
12

k

∑

n=0

#qWmin
n,P1(4,6) =

q9 − 1
q8 − q7

· q10
j

logqB
12

k

+ 1=
q9 − 1
q8 − q7

· B5/6 + 1

j

logqB
12

k

∑

n=0

#qWmin
n,P1(2) = q

2
j

logqB
12

k

+ 1= B1/6 + 1.

Similarly, for the unweighted count, we wish to compute

N (Fq(t), B) =

j

logqB
12

k

∑

n=0

#qIWmin
n,P1(4, 6)−

j

logqB
12

k

∑

n=0

#qIWmin
n,P1(2).

The latter term is simply 2 times the weighted count since the automorphism
group of any point of P(2) = Bµ2 is µ2. Thus it sums to 2B1/6 + 2.

For the first term, we use Theorems 9.1 and 9.2 to see that

#qIWmin
n,P1 =

∑

g∈µ∞(k)

#qWmin
n,P1(Ig)

= 2#qWn,P1(4,6) +δ(6) · 4#qWn,P1(6) +δ(4) · 2#qWn,P1(4).
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Summing over all n reduces to the following computations using Theorem 9.1:
j

logqB
12

k

∑

n=0

#qWn,P1(4,6) =
q9 − 1
q8 − q7

· B5/6 + 1

j

logqB
12

k

∑

n=0

#qWn,P1(6) =
q5 − 1
q5 − q4

· B1/2 + 1

j

logqB
12

k

∑

n=0

#qWn,P1(4) =
q3 − 1
q3 − q2

· B1/3 + 1

from which the result follows.
■

Remark 9.8. The lower order main term of order B1/6 present in both the
weighted and unweighted counts comes from subtracting the µ2 twist fami-
lies of generically singular j =∞ isotrivial elliptic curves. And the lower order
main terms of order B1/2 and B1/3 in the unweighted count N (Fq(t), B) come
from counting the µ6 and µ4 twist families of isotrivial elliptic curves having
strictly additive bad reductions with extra automorphisms concentrated at the
special j-invariants j = 0, 1728.
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