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ABSTRACT. For proper stacks, unlike schemes, there is a distinction between
rational and integral points. Moreover, rational points have extra automor-
phism groups. We show that these distinctions exactly account for the lower
order main terms appearing in precise counts of elliptic curves over function
fields, answering a question of Venkatesh in this case. More generally, using
the theory of twisted stable maps and the stacky height functions recently
introduced by Ellenberg, Zureick-Brown, and the third author, we construct
finite type moduli spaces which parametrize rational points of fixed height on
a large class of stacks, so-called cyclotomic stacks. The main tool is a corre-
spondence between rational points, twisted maps and weighted linear series.
Along the way, we obtain the Northcott property as well as a generalization
of Tate’s algorithm for cyclotomic stacks, and compute the exact motives of
these moduli spaces for weighted projective stacks.
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1. INTRODUCTION

For many asymptotic counting problems in analytic number theory, it is of
interest to determine the main leading term as well as the lower order terms.
While the lower order terms are interesting theoretically, having good control
of these lower order terms is often also important for numerical computations.
A well-known example is the enumeration of cubic number fields ordered by
height of discriminant. The number of cubic fields of height < B for certain
constants a, b > 0 is

aB—bB®/° + o(B>®)
1
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The existence of the precise second main term of order B%/® was conjectured
by Roberts in [Rob01]] and also implicitly in an earlier paper of Datskovsky—
Wright in [DW88]]. This was proven by the remarkable works of Bhargava—
Shankar-Tsimerman in [BST13]] and also by Taniguchi-Thorne in [[TT13]] along
the lines of establishing the Davenport-Heilbronn theorems [DH69, DH71]] on
cubic fields and 3-torsion in class groups of quadratic fields. In general, how-
ever, one has very little understanding of the origin of these lower order main
terms (c.f. [VEIQ, §2.6]). In this regard, Venkatesh in [GGW2T], Prob. 5] asks
the following question:

What is the topological meaning of secondary terms
appearing in asymptotic counts in number theory?

In the case of elliptic curves over a function field K = k(C) of a curve C over
k = Fgy, it is well known that the counting of semi-stable elliptic curves, that
is, the integral points of the moduli stack mu, are governed by the geometry
of the moduli space of morphisms C — /71,1 (see e.g. [HP19, BPS22]]). We
generalize this story to give a moduli-theoretic description of the rational points
that do not extend to integral points. By understanding the arithmetic geometry
of these moduli spaces, we show that integral points of /71,1 account for the
main leading term in the enumeration of all elliptic curves over a function field,
while rational points of ﬂl,l that do not extend to integral points and have
extra automorphisms account for the lower order main terms. These rational
points are necessarily concentrated at the special j-invariant and require us to

consider the relationship between weighted and unweighted point counts over
finite fields.

Specifically, we establish the following sharp enumeration of elliptic curves
over a global function field K = F,(t) with precise lower order main terms.

This is achieved by considering the totality of rational points on HM over K.
Recall that the height of the discriminant of an elliptic curve E over K is given
by ht(A) := q4°82 = ¢q'2" for some integer n (also called the Faltings height of
E).

Theorem 1.1. Let n € Z3 and char(F,) > 3. The counting function N'(F(t), B)
(resp. N'(Fy(t), B)), which gives the weighted count (resp. unweighted count) of

the number of minimal elliptic curves over IF’% ordered by the multiplicative height
q

of the discriminant ht(A) = q'?" < B, is given by the following expressions where
ag by, ¢4, dg = 0 are explicit rational functions of q (see Theorem [9.7):

N(E(6), B) = a,B%/0—BU/o

The BY/? and B/ terms come from counting Ue- and ugy-twist families while the
BY/® term comes from counting Uo-twist families concentrated at j = 00.
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Notably, the weighted and unweighted counts of semi-stable elliptic curves
over ]P’]} , i.e. of the space Hom,,(P', M, ;), only contribute to the leading term
. .

B5/6 with constant lower order term (c.f. [dJ02], [HP19| BPS22]).

To prove Theorem we construct height moduli spaces M,LK(HM) (resp.
HE,K(MIJ)) whose Fg-points correspond to rational points of Mm of height n
over the function field K (resp. with prescribed local conditions I' correspond-
ing to Tate’s algorithm, see Theorem ). We count the number of Fy-points,
and more generally compute the exact motives of height moduli and their iner-
tia stacks in the Grothendieck ring of stacks KO(Stck]Fq) of these moduli spaces
to answer the question of Venkatesh in this case. The height moduli framework
we introduce in this paper applies to a large class of moduli stacks as well as
to higher genus function fields and other perfect residue fields k (where point
counting over finite fields is replaced with various topological or motivic invari-
ants).

Fix a perfect field k and a smooth proper geometrically connected curve C/k
with function field K = k(C). For X a projective scheme with ample line bundle
L, the height of a point P € X(K) is simply the degree, measured with respect
to L, of the unique extension C — X. Thus for any integer n, we have a moduli
space

Hom,,(C,X)

of degree n maps to X whose points are identified with K-points of height n. Our
goal is to generalize this construction when X is replaced by an algebraic stack
X. In this paper we focus on the class of cyclotomic stacks, whose properties
best resemble those of projective varieties. Introduced by Abramovich and Has-
sett in [[AHT1]], these are algebraic stacks whose stabilizers are u, and equipped
with a uniformizing line bundle £ (see Definition [2.12)) which plays the role of
an ample line bundle. This includes familiar examples such as weighted pro-
jective stacks PA) = P(Aq,...,Ay) with £ = O(1) and fine modular curves.
Particularly, /Vm = P(4,6) over Z[%] with £ the Hodge line bundle by the
short Weierstrass equation y2 = x> + a,x + ag, where { - a; = {'q; for { € G,
and i =4, 6.

One of the subtleties for proper algebraic stacks is that not every rational
point C --» X extends to an integral point C — X. Instead, a rational point
always extends to a twisted map C — X from a stacky curve C with coarse
moduli space C (see Section[2.3). This observation was one of the key insights
of [ESZB23]] for defining the stacky height of a rational point of P € X'(K) (see
Section [2.1). As in the case of schemes, twisted maps form a moduli space
HZ(X, L) where

I'= {(7”1, al)) cees (rs’ as)}
encodes the stacky structure of C as well as the stabilizer action on the fiber
of L] (Definition [2.28) and d is the degree. On the other hand, given (X, £),
the aforementioned stacky height ht,(P) decomposes as htsg P)+>.,6 £.v(P),
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where 6 ,(P) are local contributions coming from finitely many places v of K
and htSLt(P) is the so-called stable height, which is stable under base change. We
show (Theorem that we can identify the terms in the stacky height with
the data d, T for a twisted map:

a

d=ht!(P), &, (P)=- .

Ti

Our Main Theorem is that there is a height moduli space M, (X, £) parametriz-
ing all rational points on general proper polarized cyclotomic stacks of stacky
height n and that the spaces of twisted maps yield a stratification of M, (X, L)
corresponding to fixing the local contributions to the stacky height. The fact that
M, (X, L) is of finite type is a geometric incarnation of the Northcott property.

Theorem 1.2 (Theorems &|5.1). Let (X, L) be a proper polarized cyclotomic
stack over a perfect field k. Fix a smooth projective curve C [k with function field
K =k(C) and n,d € Qx,.
(1) There exists a separated Deligne-Mumford stack M, ¢(X, L) of finite type
over k with a quasi-projective coarse space and a canonical bijection of k-
points

My c(X, L) (k) ={P € X(K) | ht£(P) =n}.
(2) There is a finite locally closed stratification

| |H5 (X, £)/Sr = M, o(X, L)
r,d

where ’HS ¢ are moduli spaces of twisted maps and the union runs over all
possible admissible local conditions

I'= ({rla al}) L) {rsaas})
and degrees d for a twisted map to (X, L) satisfying

S
a.
n=d+ E =
i=1 i

and Sy is a subgroup of the symmetric group on s letters that permutes the
stacky points of the twisted map.

(3) Under the bijection in part (1), each k-point of ’Hg’c(X, L)/Sy corre-
sponds to a K-point P with the stable height and local contributions given
by

ht!(P) = d {5i=ﬂ} .
i=1

We prove Theorem [1.2] by reducing to the case where X’ is a weighted pro-
jective stack 73(1) ="P(Ag,.-.,Ay) and £ = O(1). In this case, we obtain even
more precise information in Theorem we construct M,LC(P(X), O(1)) as
a moduli space of i-weighted linear series (L, sg,...,Sy) on the curve C.
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Definition 1.3. (Deﬁnitions &[3.2) A A-weighted linear series on C is a tuple
(L,Sq,-..,sy) wheres; € HO(C, L®). The tuple is minimal if for all x € C(k*°?),
there exists j such that v,(s;) < A; where v, is the order of vanishing at x.

We show in Theorem |[3.3|that there is a correspondence between the twisting
conditions (r, a) at a point x € C and the order of vanishing of the sections s; in a
weighted linear series. This correspondence induces a bijection between twisted
maps and minimal weighted linear series where the twisting conditions on the
map at x € C can be computed explicitly from the vanishing orders v,(s;).
Notably, this generalizes Tate’s algorithm for computing the Kodaira fiber type
of a minimal elliptic surface from the order of vanishing of the Weierstrass data
(see below and Section. Given any rational point P : C ——» 73(71), there exists
a unique minimal weighted linear series (L™",s,,...,sy) on C which realizes
P such that

hto(l)(P) =deg Lmin,
Significantly, this generalizes the existence of global minimal Weierstrass mod-
els for elliptic curves over k(C) and the fact that the stacky height (i.e. the
Faltings height) is the naive height in this case.
To prove Theorem for weighted projective stacks, we construct a mod-

uli space W,Té”(i) of minimal i-weighted linear series on C of degree n and
stratify it into locally closed substacks Wg’c(i) by imposing vanishing condi-
tions y on the sections s; (Proposition[4.15|& Theorem [4.28)). Finally, we prove
that the correspondence between twisted maps and minimal weighted linear
series holds in families to identify Wl’é”(i) and WZ,C@) with M, . and the
twisted maps strata 7-[5, o/ Sr respectively after matching up the corresponding
vanishing and twisting conditions y and I' (Section [5.T).

With Wr’l’?é”(i) in hand, we move to the question of computing its number
of points, or more generally the class in the Grothendieck ring of stacks. Fix
weights A = (Ao, ..., Ay) and let |A]: = Z?]:o A;. Suppose for simplicity that k
contains all lem = lem(2,, .. ., Ay) roots of unity (see Section|8.3|for the general
case).

Theorem 1.4 (Theorem. For k, 2 as above and C = iP’i, consider W;”i” and

its inertia stack IW,’I"i”. We have the following formulas over the Grothendieck
ring of stacks K(Stck;).

(@
Z{Wrrlnin}tn _ 1 _]Lf ({PN} +LN+1{P|7L|—N—2}t)
o 1—LI¢t
(b)
Z{IW,Ti“}tn _ Z 1 _Lf ({PNg} +LNg+1{IP|7Cg|—Ng—2}t)
n=0 cem(ky 1 — Ll

where g runs over the lem roots of unity and Xg is a subset of ps of size Ng + 1
depending explicitly on the order of g (see Section [8.3).
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Here we note that the unweighted count of rational points (i.e. isomorphism
classes) is given by the unweighted point count of W:I"i" which is equal (c.f.
Theorem to the weighted point count (i.e. motive) of the inertia stack
IWTTI'". The above explicit formulas lead immediately to Theorem

The above theorem is an example of motivic stabilization for the moduli
spaces Wr’l“i” in the sense of of [VW15]] and this should hold in any genus. We
will explore this in the future. Similarly, the spaces ”HZ’C(X , L) are twisted
analogs of mapping stacks. They lie over certain configuration spaces Conf(C)
equipped with an action of a product of symmetric groups S;- and one can con-
sider representation stability for these spaces as in [[CEF14].

Conjecture 1.5. The cohomology of the spaces Hg (&, L) equipped with the
action of Sy exhibits representation stability as d — oo (see e.g. [[CEF14]).

Specializing to the case of Ml’l = P(4,6) with £ the Hodge line bundle
and P € ﬂl,l(K ) a rational point corresponding to an elliptic curve E/K. A
weighted linear series on P! of height n consists of Weierstrass coefficients
a, € H'(P',0(4n)) and ag € H°(P!,O(6n)) and the orders of vanishing at
a point can be encoded in a vector y = (v,(a4), v,(ag)) which corresponds to
a certain twisting data I' = (r,a) by Theorem This naturally extends the
classical Tate’s algorithm between the vanishing conditions y and the Kodaira
fiber types © of the minimal model of E. The spaces W:l’ p1 and ’HZP can be
identified with moduli of certain canonical models of elfiptic surfaces with a
specified fiber of additive bad reduction and the isomorphism between the two
via Tate’s algorithm can be understood in the context of the minimal model
program (Section [7). This is summarized in the table below.

Theorem 1.6. If char(K) # 2, 3. Then the local twisting condition (r,a) and the
order of vanishing of j at j = oo determine the Kodaira fiber type of the relative
minimal model, and (r, a) is in turn determined by m = min{3v(ay), 2v(ae)}.

Finally we compute the motives of Wz p1 for any single fixed vanishing con-
dition y = (v,(ay4), vy(ag)). Following [FW16, [HP19], we stratify W' | into

n,P!
spaces of monic polynomials of given degrees and with fixed vanishing con-
ditions and compute the motives of these spaces. The resulting formulas for

WZ p are recorded in Theorem below. Via Tate’s algorithm, we get counts
of elliptic surfaces over P! with a single fiber of specified additive reduction.

Theorem 1.7 (Theorem . Let n € Z, and char(F,) # 2,3. Fix an additive
Kodaira fiber type ©. The number of minimal elliptic surfaces over P* with exactly
one singular fiber of type © and at worst multiplicative reduction elsewhere, or-
dered by the multiplicitve height of the discriminamt ht(A) = q'?" < B is given
by

N(F,(t),0,B) =2eq ,(B>®—1)
where eg 4 is an explicit rational function of q depending only on the fiber type ©.
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Y: (v(a4), v(a6)) Reduction type with j € M1,1 I':(r,a)

(>1,1) I with j =0 (6,1)
(1,>2) 111 with j = 1728 (4,1)
(=2,2) IV with j=0 (3,1)

(2,3) I}, with j =00 (2,1)

I with j #0,1728

(=3,3) I with j = 0 (2,1)
(2,>4) I with j = 1728 (2,1)
(=3,4) IV* with j =0 (3,2)
(3,>5) III* with j = 1728 (4,3)
(=4,5) IT* with j =0 (6,5)

Theorem 1.8. If char(K) # 2,3, then motives {W::Pl} € Ky(Stckg) of moduli
stacks of elliptic surfaces with a specified Kodaira fiber are

Reduction type with j € M1,1 Motivic class {WZ g} € Ko(Stekg)

1T with j =0

LlOn _ ]L10n—2

111 with j = 1728

L10n—1 _ 10n-3

IV with j =0

]LlOn—Z _ ]L10n—4

I}, With j = 00

I with j #0,1728

[L10n—3 _ [ 10n—4 _q 10n—5 4 | 10n—6

I* with j = 0,1728

]L10n—4 _ ]L10n—6

IV* with j =0

L,10n=5 _ 10n—7

IIT* with j = 1728

]L10n—6 _ LlOn—S

II* with j =0

L10n—7 _ 10n—9

1.1. Lattice rank refinements and connections to the Kudla program. The
height moduli framework and the one-fiber motivic classes computed in this
paper (Theorem [1.8) serve as local building blocks for lattice-rank-weighted
refinements of the motivic height zeta function. In [Par26]], the third author
introduces the trivariate generating series

Z(u,v;t) = Z( Z uT(S)vrk(E/K))t”,

n>0 [E]e)Wmin
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which refines Zn{Wlﬂnin} t" by weighting each height stratum with the trivial
lattice rank T(S) and the Mordell-Weil rank rk(E/K), in accordance with the
Shioda-Tate decomposition p(S) = T(S) + rk(E/K).

The trivial lattice specialization Z,(u; t) = Z(u, 1; t) is shown to be rational
in [[Par26/]: since T(S) depends only on local reduction data (the Kodaira fiber
configuration), the evaluation-mabp stratification of the height moduli from The-
orem and the power-structure identity on K,(Stck;)[L.™!] produce a finite
Euler product whose local factors are built from the one-fiber motivic classes
of Theorem This rationality extends to elliptic surfaces over k(C) for any
smooth projective curve C/k with C(k) # @, with symmetric powers Sym” (P!)
replaced by the Kapranov motivic zeta function .

In contrast, the Mordell-Weil specialization Zyyy(v;t) = Z(1,v;t) and the
Néron-Severi specialization Zyg(w;t) = Z(w,w;t) are conjectured in [[Par26]
to be irrational. The underlying obstruction is that the Mordell-Weil rank is
not determined by the fiber configuration: even on a fixed Kodaira stratum
Wrrlnm’(f), the rank rk(E/K) varies, and by the Shioda-Tate formula this variation
is equivalent to variation of the Picard rank p(S). Over C, the loci where p(S)
jumps are Noether-Lefschetz (Hodge) loci for the variation of Hodge structure
on H? of the family of elliptic surfaces. By the theorem of Cattani-Deligne—
Kaplan [[CDK95[], such loci form a countable union of closed algebraic subsets
— not a finite constructible stratification — which structurally obstructs the
local-to-global factorization mechanism that produces the finite Euler product
for Zpy;,-

This circle of ideas suggests a deeper connection to the Kudla program [[Kud97,
Kud02l]. For an elliptic surface S — C of height n, the orthogonal complement
of the trivial lattice Triv(S) in H2(S,Z) carries a polarized variation of Hodge
structure whose period map takes values in an orthogonal symmetric domain.
The Noether-Lefschetz loci where p(S) jumps are then analogous to Kudla’s
special cycles on orthogonal Shimura varieties, and the Kudla-Millson theta
correspondence [KM90] predicts that generating series of such cycles are mod-
ular forms. In the motivic setting of [[Par26l], the generating series Zyg(w;t)
weights these loci not by cycle degrees but by classes in K,(Stck;), which is a
finer invariant. The conjectured irrationality of Zyg may thus be understood as
a manifestation of the tension between the modularity of special cycle classes
(which would impose transcendental relations among the coefficients) and the
algebraic rationality demanded by a finite Euler product. Making this analogy
precise - in particular, identifying the relevant orthogonal Shimura data and re-
lating the motivic class to the theta lift - is an open problem that we plan to
address in future work.

1.2. Relation to other work. There has been a lot of recent activity in counting
points on weighted projective stacks [BGS20} [SS22]] with height zeta functions
[Dar21], [Phi22b]], computing asymptotics counts of elliptic curves with addi-
tive reduction [[CS23], [CJ23] [Phi22al, [Phi22c]], and stacky approaches to heights



HEIGHT MODULI AND ELLIPTIC CURVES OVER FUNCTION FIELDS 9

[DY22]]. We intend to explore the relationship between our method and theirs
in these papers in the future.

1.3. Outline of the paper. In Section[2] we discuss heights on cyclotomic stacks
from the point of view of twisted maps and construct the moduli space HZ(X ,L).
In Section[3] we show the bijection between twisted maps and minimal weighted
linear series. In Section [4] we construct the moduli spaces of minimal weighted
linear series. In Section[5] we prove Theorem In Section [6] we study the
moduli space in the case of weighted projective stacks. In Section |7, we state
Tate’s algorithm via twisting data and interpret Hg,c(ﬂl,l) as moduli of ellip-
tic surfaces with specified Kodaira fibers. In Section (8} we compute the classes
of some height moduli in the Grothendieck ring of stacks and prove Theorems
and In Section [9} we enumerate elliptic curves over k(t) and prove
Theorems[1.1] and

2. HEIGHTS ON CYCLOTOMIC STACKS AND TWISTED MAPS

We review the definition of heights on stacks from [[ESZB23]] and specialize
it to the class of cyclotomic stacks. We assume that X’ is normal throughout.

2.1. Heights on stacks. In [[ESZB23]], the authors introduced height functions
on stacks and used them to give point-counting conjectures generalizing the
Batyrev-Manin [BM90, FMT89]] and Malle Conjectures, see [ESZB23, Conj.
4.14]. When the stack is a scheme, these stacky heights recover the usual Weil
heights. On the other hand, when the stack is BG and the rational point BG(K)
corresponds to a Galois G-extension L /K, the heights recover the discriminant
of the extension.

Unlike the case of schemes, the Weil height machine fails for stacks. One
can see this by considering the universal n-torsion line bundle £ on Bu,; if the
Weil height machine were to hold, then n times the height of £ would be trivial.
Moreover, one cannot define heights via embeddings into projective space since
all stacks that admit such embeddings are necessarily schemes. Instead the
definition of heights on stacks is given by extending the rational point to a stacky
curve, called a tuning stack.

Definition 2.1 ([ESZB23| Def. 2.1]). Let C be a smooth proper curve over K
and let p: X — C be a proper map from a normal Artin stack X with finite
diagonal. Let x € X'(K) be a rational point. A tuning stack for x is a diagram

X

Spec(K) —— C Y
ol A
C

where C is a normal Artin stack with finite diagonal and 7 is a birational coarse
space map.
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A morphism of tuning stacks (C’, n’,x’) — (C, m,x) isamap f : C' — C such
that o f = n’ and X o f = X’. A tuning stack is said to be universal if it is
terminal among all tuning stacks.

Remark 2.2. In [[ESZB23| Cor. 2.6], it is shown that a tuning stack (C, 7, x) is
universal if and only if X is representable.

Heights of a rational point on a stack are then given as follows.

Definition 2.3 ([ESZB23, Def. 2.11]). With hypotheses as in Definition [2.1} if
Y is a vector bundle on X and x € X(K), the height of x with respect to V is
defined as

hty,(x) := —deg(m, x V)
for any choice of tuning stack (C, i, x).

Notice that the height hty,(x) is defined via pullback then pushforward before
taking degree. One may alternatively consider the height function obtained by
pullback and then taking degree directly. This is known as the stable height:

Definition 2.4 ([ESZB23, Def. 2.12]). With hypotheses as in Definition [2.1} if
Y is a vector bundle on X and x € X(K), the stable height of x with respect to
YV is defined as

ht§j(x) :== —deg, x* VY
for any choice of tuning stack (C, i, x).

Remark 2.5. The height and stable height functions are shown to be indepen-
dent of the choice of tuning stack in [ESZB23| Prop. 2.13].

When X is a scheme, we can take C = C and so stable height and height are
the same. More generally, height agrees with stable height whenever the vector
bundle V is pulled back from a vector bundle on a scheme.

Remark 2.6. The stable height ht%(x) is stable under base change as opposed
to the height hty,(x) (c.f. [ESZB23, Prop. 2.14]).

Later, we compute the stable height as the coarse map degree plus the local
contributions from the ramified base changes in terms of r,a (see Definition

3.1)

2.2. Cyclotomic stacks and weighted projective stacks. Here we review the
basic definitions of cyclotomic stacks following [[AH11], Sec. 2]. This is a class of
stacks whose properties best resemble those of projective varieties. The central
example is that of a weighted projective stack.

Definition 2.7. Let 4 = (Ay,...,Ay) € Zg}q be a vector of N + 1 positive
integers. Consider the affine space Uz = Ai’oﬂ . endowed with the action of

G,, with weights 2, i.e. an element { € G,, acts by

1 $-(xgy-- s xn) = ({00, ..., M xy).
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The N-dimensional weighted projective stack 73(1) is then defined as the quo-
tient stack

PA) =[(U; ~ {0})/GC ] -

Remark 2.8. When we wish to emphasize a base field k of definition for P(Z),
we use the notation Pk(i). The stack 77(71) is a smooth and proper tame Artin
stack. It is Deligne-Mumford if and only if all weights A; are prime to the
characteristic. For example P(1,p) is not Deligne-Mumford in characteris-
tic p since it has a point with automorphism group u, which is not formally
unramified. When P(Z) is Deligne-Mumford, it is an orbifold if and only if
ged(Ag, ..., Ay) = 1. More generally, the natural map

P(dAg,...,dAy) = P(Ag,..., Ax)
is a ug-gerbe.

The natural morphism Uz \ 0 — P(i) is the total space of the tautological

line bundle OP(Z)(_D on P(i). As in the classical case, we denote by OP(X)(D
the dual of this line bundle.

Definition 2.9. A i—weighted linear series on a scheme B is the data of a line
bundle L and sections

s;: Op — LM,
where Oy is the structure sheaf of B. The set theoretic base locus of (L,s, .. .,Sy)
is the reduced closed subscheme Z C B of points b € B where s;(b) = 0 for all
j=0,...,N. Apoint b € Z will be called an indeterminacy of the weighted
linear series.

Proposition 2.10. [[AH1T], Lem. 2.1.3] The stack 79(1) with universal line bundle
(97,(;1)(1) is equivalent to the stack of A—weighted linear series with empty base
locus.

Remark 2.11. The open embedding P(jl) C [U;/G,,] corresponds to the inclu-
sion of basepoint-free linear series into the stack of all i-weighted linear series.

A weighted projective stack is an example of the following.

Definition 2.12. A separated algebraic stack X of finite type over a field k is
cyclotomic if the stabilizer Aut(x) of each geometric point X : Speck — X is
isomorphic to u, for some r. A uniformizing line bundle on X is a line bundle
L such that for each geometric point ¥ : Speck — X, the natural map

Aut(x) — Aut(L|z)
is injective.
We denote the coarse moduli space of X by 7w : X — X. By [[AHLI, Prop.
2.3.10], the condition that £ is uniformizing if and only if the map X — BG,,

classyfing L is representable. Moreover, by [AH11], Lem. 2.3.7], there exists an
M such that £2M = r* for some line bundle L on X.
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Definition 2.13. A uniformizing line bundle £ is a polarizing line bundle if
LM = 7*[, for some M where L is an ample line bundle on X. We say that
the pair (X, £) is a polarized cyclotomic stack.

Example 2.14. If X C 77(1) is a locally closed substack, then the pullback
OP(Z)(1)| y is polarizing. More generally, the same is true if X — P(A) is rep-
resentable quasi-finite and X is Noetherian.

Proposition 2.15. [[AHI11, Prop. 2.4.2 & 2.4.3, Corollary 2.4.4] Let (X, L) be
a polarized cyclotomic stack and suppose that X is proper. Then there exists a
weighted projective stack P(A) and a closed embedding X C P(A) such that

L2 0p (Dl

A key observation we will exploit in the sequel is that Proposition [2.15| re-
duces questions about the height ht, on a polarized cyclotomic stack (X, £) to
the case of hty(;) on P(A). Compare this to the fact that the Weil height with
respect to a very ample line bundle on a projective variety is determined by the
naive height on PV.

2.3. Twisted maps to cyclotomic stacks. In Section [3] we will see that the
universal tuning stack of a cyclotomic stack is always a twisted curve. In this
section we review some background on twisted curves and construct the moduli
of twisted curves on cyclotomic stacks.

Definition 2.16. A stacky genus g curve C is a 1-dimensional smooth proper
tame Artin stack whose coarse moduli space is isomorphic to an irreducible
projective genus-g curve 1t : C — C. A twisted genus g curve is a stacky genus
g curve C which is generically a scheme and such that for each geometric point
X — C, there exists a non-negative integer r such that

Spec(Of',) x¢ C = [ Speck(x)[t]"/u, ]
where Ozh’}_( is the strict Henselization at X and r acts by t — ('t for { € u,.

Note that a twisted curve is a root stack (c.f. [[OIs16, §10.3]). In particular,
C is uniquely determined up to an isomorphism by the points q4,...,q, € C and
their inertia group orders rq,...,r,. The reduced preimages %; := 7 1(q;) ed
are residual u, -gerbes at the points p; lying over g;.

Remark 2.17. In [[AOV11]], a more general definition of twisted curve is used
where C is allowed to have at worst nodal singularities. Our definition is exactly
the ones of loc. cit. which are smooth.

Definition 2.18. A family of twisted curves of genus g with inertia groups
WUr,»- > My, OVer B is a tuple (C — B, X;) where
(1) C — B s a flat and proper morphism with C,, a stacky curve of genus g
for all b € B,
(2) %; c C are closed substacks such that the composition 3; — B is a
ur,-gerbe, and
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3) C~ |_| 3; — B is representable.
A family of twisted curves is an object as above for some g and tuple (4, ..., 7).

Now we can define the stack of twisted maps.

Definition 2.19. Let X be a proper and tame Artin stack. A family of twisted
maps to X over B is a tuple (C — B,X%;,f) where (C,%;) — B is a family of
twisted curves and f : C — X is a representable morphism.

When & = P(A;), amap f : C — P(A;) is the same as the data of a line

bundle £ € Pic(C) and sections s; € £* which don’t simultaneously vanish.
Since P(4;) — BG, is representable, then f is representable if and only if
the map C — BG,, defined by the line bundle £ is representable. In order to
describe line bundles on C, we consider the coarse map 7 : C — C and denote
as above qq,...,q; € C the points where 7 is not an isomorphism with p; the
point of C lying over g; and with stabilizer u,. .

Proposition 2.20. The pullback map 7* induces an injection ©* : Pic(C) —
Pic(C) and a short exact sequence

(2) 0—>Pic(C)—>Pic(C)—>@Z/riZ—>0

Moreover, Pic(C) is generated by Pic(C) and Oq(p;) fori =1,...,s and Oc(p;)
map to generators of the cokernel of m*.

Proof. Consider the Leray spectral sequence for Rm,G,, ¢. First since ©,0; =
O¢, we conclude that 7,G,, ¢ = Gy, ¢-

Next we compute R'7,G,,¢c. The stalk (R'7,G,,¢), = O for any point x
where 7 is an isomorphism. Thus RlTE*Gm,C is a direct sum of local contribu-
tions over stacky points. By flat base change, it suffices to compute it in the
special case that C = [SpecA/u,] where A is a 1 dimensional regular Henselian
local ring. In this case, R 7,Gy, ¢ is simply Pic(C) but Pic(SpecA) is trivial so
this is the same as the character group of u, which we can identify with Z/rZ.

Putting this together with the exact sequence coming from low degree terms
of the Leray spectral sequence for Rm,G,, ¢, we get

S
0 — Pic(C) — Pic(C) » P z/r,z
i=1
where the last map can be identified as the restriction Pic(C) — Pic(Bu,. ).
To prove exactness on the right, it suffices to construct a line bundle whose
character at the i'" marked gerbe p; generates Z/r;Z and is trivial away from
p;- The line bundle O,(p;) does the job and this also proves the last claim. ®

Remark 2.21. Given a line bundle £ on C and a point p with stabilizer u,.,
we obtain a character ™ : { € u, — (7" € G, via the action of u, on
the fiber L], . This corresponds to the image £ consisting of a mod r; in the
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i" component of the cokernel r*. Indeed, as in the proof of the proposition,

we can identify the generator of Z/r;Z with the pullback of O(p;) to the strict

Henselization [Spec k(p;)[t]*"/u, ] where t is a uniformizer at p;. The pullback

of O(p;) is generated by t~ so the fiber of O(p;) carries the character y .

Corollary 2.22. There is a presentation of abelian groups
Pic(C) = (PiC(C) oD Z[O(Pi)]) / ({r[O)]=[0W@)}_,)
i=1

and of component groups
mo(Pic(C)) = (Z® Zcy & ... ® Zc,) /({ric; = [k(q;) : k1} 1)
Moreover, there is a well defined degree homomorphism
deg: Pic(C) = Q
extending the usual degree map deg : Pic(C) — Z such that deg(c;) = rli[k(qi) :
k].

Corollary 2.23. Every line bundle L on C can be written uniquely as

o(Sn)

i=1

where 0 < a; < r; where L € Pic(C). Moreover, there is an isomorphism m, L = L.

Proof. The first part follows immediately from the presentation of Pic(C). For
the second part, consider the exact sequence

0> 7L = L—-> L8Oy, —0.

Applying 7, and using the fact that C is tame, it suffices to show that 7, (£ ®
OZaiPi) = 0. By induction on s, it suffices to show that m,(£ ® Og,) = 0
where p is a point with stabilizer u, and 0 < a < r. After passing to the strict
Henselization, we can compute £ ® O, explicitly as the u, representation on
k(p)[tT"/(t?)t~® where p, acts on t as in the definition of twisted curve. In
particular, 7,(£L ® O,p) = (k(P)[tT"/(tD)t~ ) = 0 as required. [ ]

Corollary 2.24. If C — B is a family of twisted curves over a connected base,
then the quotient Piccp / Piccp is a finite étale group scheme over B with fibers
isomorphic to &;_,Z/r;Z for some fixed tuple (ry,...,1s).

Definition 2.25. If (X, £) is a proper cyclotomic stack with a polarizing line
bundle £, we define the degree of amap f : C — X as deg(f*L).

Remark 2.26. Suppose that L2 = 1*L where 7 : X — X is the coarse map and
L is ample. Then the degree of f in our definition agrees with % deg(C — X)
where the degree of the coarse map is measured with respect to L.

Lemma 2.27. Let (X, £) be a proper polarized cyclotomic stack.
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(1) If Cis a twisted curve and f : C — X is any morphism, then f is rep-
resentable if and only if for each i = 1,...,s, the projection of the class
[f*L] to Z/r;Z under the sequence [2]is a unit.

@) If f : C/B — X is a family of twisted maps to X, then deg(f;) and the
class of [ fy L] in Pic(Cy)/ Pic(Cy) are locally constant functions on B.

Definition 2.28. We let I' = ({ry,a;},...,{r,a,}) denote a tuple of pairs of
integers where r; > 1 and 0 < a; < r; is a unit mod r;. We call I' the tuple
of local conditions for a twisted map. We say that I is admissible for (X, £) if
r; | M for all i where M > 0 is the smallest positive integer such that L2 = *L
where 7 is the coarse moduli map.

We are now ready to construct the stack of twisted maps from a fixed curve
C to a polarized cyclotomic stack (X, £).

Definition 2.29. Fix (X,£), C and T" as above and an integer d. A family
of twisted maps from C to X of type I' and degree d over a scheme B is a
family of twisted maps (C — B, %;, f ) with inertia groups u,,, ..., U, and a map
n: C — C x B over B such that

(1) m is the coarse moduli space of C,

(2) for all b € B,deg(f,) =d, and

(3) for all b € B the class of f; L in Pic(Cp)/ Pic(C) is given by

S
Z(ai mod r;).
i=1

Theorem 2.30. Let (X, L) be a proper polarized cyclotomic stack over k with
coarse moduli space m : X — X and fix an integer M and ample line bundle
L on X such that L2M = m*L. For each smooth projective curve C of genus
g, local conditions T and degree d, there exists a finite type separated algebraic
stack H(Fi,c = HE’C(X , L) with quasi-projective coarse moduli space parametriz-
ing twisted maps from C to X of type I' and degree d. Moreover, /Hg,c is quasi-
finite over the scheme Hom,,4((C,qq,...,q),X) of s-pointed degree Md maps
(C,q1,.--,q9,) = X.

Proof. We first consider the stack of twisted curves with coarse moduli space C
and inertia groups U, ,..., U, . This is the stack of data (C — B, X;, r) where
(C — B,%;) is a twisted curve with stabilizer u,. along %; and 7 :C — C X B is
a map over B which exhibits C x B as the coarse moduli space of C. The images
of 3; under 7 define s disjoint sections o; : B — C x B. The data of o; defines
a map B — Conf,(C), the configuration space of s distinct points on C and the
association
(C - B,%;, ) — (B — Conf,(C))

is functorial since coarse moduli space commutes with basechange for tame
stacks [[AOVO08], Cor. 3.3].

On the other hand, given a map B — Conf,(C) induced by a family of s
disjoint sections 0{,...,0, : B — B x C, the images of o; are relative effective
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Cartier divisors. We can then take the r; root stack along the image of o; for
each i = 1,...,s to obtain coarse moduli map © : C — C x B. The reduced
preimages %; = 7%(0;).q are disjoint u, -gerbes over B and (C — B, %;, 1) is
a family of twisted curves with coarse moduli space C and inertia groups y,. .
Thus this stack is representable by the configuration space Z := Conf,(C).

Let (C — Z,%;) be the universal family of twisted curves over the configura-
tion space and let

‘H =Hom,(C,X x Z)

be the relative Hom-stack over Z. Then H is an algebraic stack locally of finite
type with quasi-compact and separated diagonal by [AOV08, Thm. C.2]. By
Lemma the degree and the class in Pic(C)/ Pic(C) are locally constant on
‘H and so there is an open and closed (and thus algebraic) substack Hg,c CH
parametrizing those maps of degree d and local twisting conditions T'.

To see that Hg,c is separated and has finite inertia, we can suppose that
the base field is algebraically closed. Composing with the closed embedding
X — P(A) yields a representable monomorphism

Hom,(C, X x Z) — Hom,(C, P(A) x Z)
which preserves the degree d and twisting condition I'. Thus it suffices to prove
that 7{5 c s separated with finite inertia for target weighted projective stack.

In this case, the claim follows from the proof of Theorem for weighted pro-
jective stacks as in where it is shown that ’Hg ¢ is isomorphic to a locally

closed substack of a separated stack with finite inertia R% (c.f. Definition|4.19).
Taking a tuple (C — B, %;, f, 1) to its coarse moduli space (C x B — X, 0;)
produces a morphism
p: HZ,C - Hode((C) qi1,--- JqS)JX)'
Note that the family of maps C x B — X has degree Md by Remark The
map p is quasi-finite by [AOVO08)|, Prop. 4.4] and its proof. Let
Tl’ : HLI;’C - Hode((C’ qi>--- ,Qs):X)

be the factorization through the coarse moduli space. This map is also quasi-
finite so by Zariski’s Main Theorem, we can factor it as an open immersion

H(I;’C C Y followed by a finite morphism v : ¥ — Homy;4((C,qy,...,qs),X).
Since the target is a quasi-projective scheme, it follows that Y and thus Hg cis
quasi-projective. This completes the proof. [ |

Later we will need to work with twisted maps where the gerbes are not
marked.

Definition 2.31. Fix a tuple of local twisting conditions T' = ({r;,a; },..., {rs, a,}).
Let Sp C Aut{1,...,s} be the subset of permutations that only permute those in-
dices which have the same pair of {r;, a;}.

—T
Proposition 2.32. The group Sy acts on 7—[5 c and the quotient H; . := 7-[5 c/Sr
is the stack of diagrams (C — B,f : C — X, : C — C x B) such that for each
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geometric point t € B, C; is a twisted curve with inertia groups u,,, ..., U, and

satisfying (1), (2) and (3) of Definition [2.29)
3. CORRESPONDENCE BETWEEN WEIGHTED LINEAR SERIES AND TWISTED MAPS

Let K = k(C) be the function field of a smooth projective curve C. Then
rational points P € P(X)(K ) correspond to rational maps C --» 73(1). In this
section, we show how the universal tuning stack of P is explicitly constructed
from the data of a i-weighted linear series (Definition . Furthermore, we
show that every rational map C --» P(z) is determined by a unique minimal
weighted linear series defined below. Finally, we compute the height of a point
in terms of the minimal weighted linear series.

The indeterminacies of the associated map C --» 77(1) are the set of points
x € C such that s;(x) = 0 for all i, that is, the set theoretic base locus of the
weighted linear series. Two i-weighted linear series are said to be equivalent if
they induce the same rational map f : C -—» P(A), or equivalently if they induce
the same rational point P € P(X)(K ). We use the notation v,(s;) to denote the
order of vanishing of s; at x.

Definition 3.1. Let (L,sg,...,Sy) be a i-weighted linear series on a curve C.
For every x € C, we let
. . A
rmin(x, L,SO, . ,SN) = W
VX(S]-)

—(x;L,sg, ... = oedlv (<) A0
amln(x’ »S05 ’SN) ng(vx(sj),A')

where j is a choice of index such that

vy (s5) _ min{ vx(sl-)}
Ao Lo I

Definition 3.2. A i-weighted linear series (L,sy,...,Sy) is minimal if for each
indeterminacy point x € C, there exists an j such that v,(s;) < 4;.

We now state the main result of this section.

Theorem 3.3. Let K = k(C) be the function field of a smooth projective curve C, let
fi:C-— P(i) be a rational map, and let P € PC(Z)(K ) denote the corresponding
rational point, where PC(X) = P(A) x C = C is the constant family. Let {x;} be
the indeterminacy points of f. Assume the A; are prime to the characteristic of the
ground field.

(1) Let (L,sq,...,sy) be any A-weighted linear series inducing f. Then the
universal tuning stack (C, ,P) of P is the root stack of C obtained by
taking the rj—th root at xj, where rj= rmin(xj;L,so,...,sN). Moreover,
the induced morphism on stabilizers over x; is given by the character )(j_aj

where a; = Apin(X;j, L,Sq; - ,5N)-
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(2) There exists a unique minimal i-weighted linear series inducing f .

(3) The stacky height hty1)(P) is equal to deg L where (L,s, ...,sy) is the
unique minimal linear series. Moreover, the stable height is given by
htsé(l)(P) = degﬁ*O(l) and the local contribution at x; is given by

5y,(P) = Plk(x)) : k.

Remark 3.4. Since the quotient map ANT1\ 0 — 77(1) can be identified with
the total space of O(—1), the morphism of stabilizers u, — G,, induced by the
structure map P(A) — BG,, can be identified with the character of the stabilizer
u, acting on the fiber of O(—1). By the theorem, the action of Uy, on the fiber

of the line bundle P*((1) on the universal tuning stack C is then given by )(;.lj .
Combining this with Proposition and Remark [2.21] we conclude that the
the class in Pic(C)/ Pic(C) of 1_3*(’)(1) is

D (~in(x;) m0d ryiy(x;)) € D Z/ ryin ()
J J

where the sum runs over the indeterminacy points of the weighted linear series.

3.1. Characterizing the universal tuning stack. In this subsection, we prove
Theorem (1. The following is the key local computation needed to prove
the result.

Proposition 3.5. Let R be a DVR over a field k and let Q2 be the fraction field of
R. Consider the Q-point (s, . . .,sy) of AN\ 0 which yields a map f : SpecQ —
P(). Assume Ags - .-, Ay are prime to the characteristic of k. Let s; have valuation
v; and suppose

Yo i
3) — = min {—} .

}.0 j A’j
Let

Ao
r=———
ged(vo, Ao)

and X be the r-root stack of SpecR at the closed point. Then f extends uniquely
(up to unique 2-isomorphism) to a map g: X — P(A). Furthermore, g is repre-
sentable.

Proof. Upon showing that f extends to g, since C and P(A) are separated Deligne—
Mumford stacks and C is normal, [FMN10, Prop. 1.2] shows that g is unique
up to unique 2-isomorphism.

We now turn to the construction of g. Let u be a uniformizer for R. Recall that
X = [SpecR’/u,], where R" = R[u’]/((¢/)" — u) and u, acts with weight 1 on
u’. Let Q' be the fraction field of R’. Write s; = u”it;, where t; has valuation 0.
Our Q-point (s, ...,sy) € AN\ 0 can be viewed as an Q’-point; we show that
after acting by G,,,(Q2), we may extend it to an R’-point. Notice that Aq | rv;
acting by (u')""/% € G,,(Q), we obtain

/ / —rlﬁ / rvl—rlﬁll / rvN—rA&ZN
sti=W) o x(sg,...,s5) = (tg, (W) oMy, ..., (U) o "Nty
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By (3), we see
rv
rv;— —2A; >0
0
and so s’ defines an R’-point of AN*!. Since the first coordinate of s” has valua-
tion 0, we see s’ is an R’-point of AN \ 0. Furthermore, if we let

_I%
Xibr = Gp,  x(O=0"

then we have a commutative diagram

U, X SpecR’ EiaiN G, x (ANT1N0)

SpecR' ————— AN*1\ 0
where o and ¢’ are the two action maps. As a result, s’ induces a map
X = [SpecR’/u,]—— P(1)

which restricts to f on [SpecQ’/u, ] = Specf.
™o _ Y — _t i i
Lastly, .W‘e 'see. %o = ed00Ao) and r = sedlvoty) are relatively prime. As a
result, y is injective, and so g is representable. [ ]

Proof of Theorem [3.3|({I). Let m: C — C be the root stack obtained by taking
the r;-th root at x;. By construction, 7 is an isomorphism over C \ {x;}. We
show there is a representable map g: C — P(Z) which agrees with f on C \
{x;}. Upon showing this, we see that, by definition, (C, 7, g) is a tuning stack;
moreover, by Remark [2.2] (C, , g) is the universal tuning stack.

It remains to prove the existence of a representable map g: C — P(A) ex-
tending f. We first note that it is enough to show the existence of an étale
cover {V, — C}, and representable maps g,: C x-V, — P(A) that agree with f
over the inverse image of C \ {x;} under the map V;, — C. Indeed, by [FMN10,
Prop. 1.2], any such g, is uniquely determined (up to unique 2-isomorphism)
by f; hence, the g, descend to yield amap g: C — P(A). Since representability
can be checked on geometric points [Con07, Cor. 2.2.7], representability of the
gy imply representability of g.

To construct our desired étale cover {V;, — C}, and representable maps
g:CxcVp— P(A), it is enough to do so at the strict Henselization R; of each
point of indeterminacy x;. To see this, we may write SpecR; as an inverse limit
of affine étale neighborhoods V; ;, — C of x;; then by Proposition B.1 and Propo-
sition B.3 of [Ryd15]], for any representable map g;: C x-SpecR; — P(X) which
agrees with f, there is some index ¢ and an extension g; y: C X V;; — P(A) of
g; where g; , is representable and agrees with f.

For the remainder of the proof, we fix a point of indeterminacy x;. Then R;
is a DVR by [IStal8], Tag 0AP3]; let Q; be its fraction field. The rational map
f:C-——» P(i) yields a morphism f;: SpecQ; — 77(71). We continue to denote
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by (L,sg,...,sy) the pullback of the linear series to SpecR;. Since L is trivial
over Spec{);, we see that f; lifts to the cover Spec; — AN*! \ 0, where this
latter map is defined by the Q;-point (s, ...,sy). Letting v; denote the order
of vanishing of s; at the closed point of SpecR;, we may assume without loss of

generality that
Yo )i
— =min{ — .
Ao J { Aj }

By Proposition[3.5] we see f; extends to a representable map g;: C X SpecR; —
P(A). m

3.2. Uniqueness of minimal linear series. In this subsection, we prove The-
orem 3.3(2). We begin by associating a minimal linear series on C to any mor-
phism C — P(A), where C is a tame root stack over C.

Proposition 3.6. Let C be a smooth proper curve over a field k, let x4,...,x, € C,
and let rq,...,1,, be positive integers prime to the characteristic of k. Let w: C —
C be the root stack obtained by taking the rj-th root at x;. Let y; denoted the
reduced preimage of x;. By definition, C carries distinguished line bundles with

section (O¢(y;),u;) and isomorphisms t;: (’)c(yj)®ri 5 n*O¢(x;) with Lj(u?rj)
vanishing to order 1 at x;.

Let g: C — P(A) be a morphism induced by a basepoint-free i-weighted lin-
ear series (L, to,...,ty). Let x;: Wy, = G,,, denote the canonical embedding and

suppose that the stabilizer Wy, of y; acts on L through the character x;.lj with
0 <a; <rj. Then

(ﬂ:*ﬁ(z Clj.Vj); m,(to l_[ u?oa;‘), o (ty l_[ ujNaj)>
J J

J

is a minimal weighted linear series on C inducing the rational map f : C ——» PA)
given by factoring g through the coarse space.

Proof. By construction, the stabilizers of C act trivially on E(Zj a;y;). Thus
E(Zj a;y;) = n*L for a unique line bundle L on C, e.g., by [Alp13, Thm. 10.3].
Since  is tame, we have 7,0, = O, and so by the projection formula,

ﬂ:*E(Z ajyj)=m, "L =L.
J

Now 7* is multiplicative so £(D. 4j yj)k = m*Lk and again by the projection
formula we have

T (L aq;y)) = mmi Lk =15 = (n,£0> a;y)).
J J

We conclude that

Aia;
] Juy ) =:s
J
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is a section of L% as required. Moreover, 7 is an isomorphism on C \ {x;} so
the rational map f induced by the weighted linear series (L,s,...,Sy) agrees
with g on C \ {x;}.

Finally, we check that (L,sg,...,sy) is minimal. Since g is a morphism, for
each j there exists an i such that t; does not vanish at y;. Thus the order of

. . Al i . . . .
vanishing of t; ]_[j u; Y at ¥j is A;a; and the order of vanishing of s; at x; is

Al’a'
L<a

1>
Tj

. . . . . . . lia' . .
proving minimality of the weighted linear series. Note that — is an integer
J

since s; does not vanish at y;, showing that L% is trivial when pulled back to the
residual gerbe at y;; since the stabilizer Wy, acts on L% through the character

—A;a; . . s
X "’ and since this character must be trivial, we see r; | 4;a;. [ |
Next we consider the converse to Proposition [3.6]in the case where C is the

universal tuning stack, characterizing the weighted linear series of C — 73(2)
in terms of the weighted linear series of C --» P(A).

Proposition 3.7. Let (L, s, .. .,Sy) be a weighted linear series on C inducing a ra-
tional map f : C -—» P(A), and assume A, ..., Ay are prime to the characteristic.

Let (C, 7, P) be as in Theorem . Let
vxj(sij)
Clj =
ged( ij(sij), Aij)

Vi (5:,) vy (51)
o)

L

where

Then the morphism P: C — P(A) is defined by the weighted linear series (L, tg, ..., ty)
with

s,

liaj :

[Ty

Furthermore, if (L,sg,...,sy) is minimal and (L', sy, . ..,sy) denotes the mini-
mal linear series obtained from (L, tg, ..., ty) in Proposition then there is a
canonical isomorphism f: L — L’ such that B(s;) =s..

‘C:TE*L(_Zaj.Yj) and t; =

Proof. A priori, t; is only a rational section of £*. We first show it is a regular
section. By construction, 7: C — C is the r].th root stack along x; where

Al-j
r;= .
’ ged( Vy; (Sij): kij)
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For all j, we have
Ai vy, (s:) Ai ij(Sij)
>
ng(ij(Sij),Aij) ng(ij(Sij)Jij)

since the index i; minimizes the ratio Vy, (s;)/A;. Therefore t; is actually a reg-

Vyj(TC*Sl‘) = T'j ij(Si) = = liaj

ular section of £* and (£, t, ..., ty) is a well defined X-weighted linear series
on C.
Next, by construction, vyj(tij) = 0. Therefore (L, tg,...,ty) is a basepoint-

free weighted linear series and thus induces a morphism C — P(A). This mor-
phism agrees with f away from the basepoints x; so by [FMNI0, Prop. 1.2], it
is uniquely isomorphic to P up to unique 2-isomorphism.

Lastly, suppose (L,sg, .- sN) is minimal. Then, for every j, there exists S¢,

x; (5i ) x; (5¢;)
with vxj(sfj) < AZ Slnce — < x % , it follows that v, (s ) < Al , and

ij
hence, 0 < a; <rj. Let ;: U, = Gy denote the canonical embeddmg, since

the stabilizers of C act tr1v1ally on 7*L, we see the stabilizer Uy, at y; acts on L

via the character x % . Having now verified that the hypotheses of Proposition
[3.6/ hold, we see

L'=mL(Y;ay;)=mn'L % L

where f3 is the adjuncation map; it is an isomorphism since C is a tame Deligne—
Mumford stack, so we have a canonical isomorphism 7,0, ~ O and f is the
composition of the canonical isomorphisms 7, 7*L ~ L ® n,O, ~ L. Further-
more, by construction

Bls) = m.m(s:) *(fl_[ T =5, =

We are now ready to prove Theorem [3.3] (2), thereby finishing the proof of
Theorem [3.3]

Proof of Theorem[3.3| (). Let f: C -—» P(2) be a rational map. Suppose it is
induced by a minimal linear series (L,,5s1,...,51,y) and it is also induced by
a minimal linear series (Ly,S50,...,53y). We prove there exists a canonical
isomorphism y: L; 5 Ly with y(sy ;) =s9;.

For { € {1,2}, let m,: C;, — C be the root stack obtained by taking the
rg,j-th root at x;, where ry; = rin(x;j5L,S,05---555)- Let gg: Cp — P(i)
be the induced representable morphism constructed in Theorem and
let (Ly,tp0,...,tyn) be the corresponding basepoint-free weighted linear se-
ries. Let (L’, fo""’sé,N) be the minimal linear series on C obtained from
(Ly,tep,.--,ten) in Proposition By Proposition we have canonical
isomorphisms f3;: L, — Ly with By(sg,;) = s, ;-

Theorem[3.3] (1) tells us that (C, 7, g¢) is a universal tuning stack for each ¢,
so by universality, there is a canonical isomorphism h: C, — C; and 2-isomorphism
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a: g, = gy oh with , = m; oh. This yields an isomorphism a: h*£; 5 L, with
a(h*(t,;)) = ty;. Applying (7,),, and using the definitions of (L,s ,,...,5; ),
we obtain an isomorphism (71,),: L] 5 L, sending si’i to sg’i. Composing with
the isomorphisms f3, yields our desired isomorphism y. [ ]

3.3. The height of a minimal linear series. In this section we finish the proof
of Theorem by computing the height of a rational point in terms of the
minimal linear series.

Proof of Theorem (3. The stable height htsé(l)(P) = deg(P O(1)) = deg £
by definition. By Proposition we have

*
=n L(—Zajy]')
where (L, s, ...,Sy) is the unique minimal linear series and

aj = Apin(Xj; Ly 805 -+ -5 SN )-

Moreover, by minimality, 0 < a; < r;. By Corollary[2.23|

n LY =m, (n*LV (Z ajyj)) =LY

and so hty(1)(P) = —degm, L = degL. Finally, the local contribution at x; is
given by

a.
5,,(P) = deg(coker(n*m,LY — L), ) = deg O, = r—{[k(xj) - kJ.
J
|

3.4. The normalized linear series. In this section, we recast the computation
of the universal tuning stack in terms of the normalized linear series which will,
first, clarify the role of the minimum in the formulas for r,;, and a,,;, and,
second, be easier to work with in families.
Let xk :=lem{Ay,..., Ay} and let ij :=x/A; so that Ajij = k. Then there is
a natural map
P(A) > Pk, ...,x)
——
N+1
induced on T-points by taking

A A
(L,s0,--+>5n) = (L5475 ...,8y

A .
where s 7 is a section of
(L®}’J)®i’l — LK.

Definition 3.8. Let (L,sp,...,sy) be a Z-weighted linear series.

(1) The associated normalized linear series is Span(sgo, ... ,s;\‘,N ) € HO(T, L&).
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(2) The normalized base locus Bs is the scheme theoretic base locus of the
normalized linear series:

N _
— A
Bs(L,sg,...,Sy) := m{sj) =0}
j=1

Proposition 3.9. Let (L,sg,...,sy) bea i-weighted linear series on a curve C and
let x be an indeterminacy point such that v; = v,(s;). Let m be the multiplicity of

Bs at x. Then the stabilizer of the universal tuning stack at x is given by u, with

K
r=rpn=——"-7
™ ged(m, )
and the character of the u,.-action on the line bundle L on the universal tuning
stack is given by y ¢ where
m
a = Apin

- ged(m, k)’

Proof. In Theorem[3.3|(1), we showed r = r;,(x, L, g, - . .,sy) and a = apn(x, L, So, - .-

First note that the index which minimizes the ratio v;/A; is the same as the in-
dex which minimizes ) i
j _ 3 _ A
Kx =Ajv;= vx(sj ).
j

On the other hand, the minimum order of vanishing of {s?j} is exactly the mul-

tiplicity of the base locus of the normalized linear series at x. Thus, if j is any
index minimizing the ratio v;/4;, then we have
Vj -
K= =A;v;=m.

Aj

Now note that for any positive integers a and b, a/ gcd(a, b) = a’ where a/b =
a’/b’ is written in lowest terms. In particular, the ratio a/ ged(a, b) depends
only on the fraction a/b. Thus, noting that x/m = A;/v; for j any index mini-
mizing the ratio, we see that

K
r=————mr.
ged(m, x)
Finally, we have that for the same index,
Vi Ajv; m

a= = — = .
ged(v;, A) A;ged(v, A5) ged(m, k)
|

Remark 3.10. Note that minimality is equivalent to the statement that the for
each closed point x € C, the multiplicity m of the normalized base locus satisfies
m < K.

We are now ready to express the stacky height with respect to the universal
bundle OP(X)(D in terms of the normalized linear series.
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Corollary 3.11. LetK = k(C)and P € P(?\)(K) a K-rational point. Let (L,sg,...,Sy)
be the unique minimal weighted linear series associated to P. Then

ht(P) =deglL,

1
ht't(P) = = deg(C — PV),
K
and the local contribution at a closed point x € C is given by

5:(P) = Z[k(x) : k] = = deglk(x) : k]
s K
where m, is the multiplicity at x € C of the normalized base locus Bs and C — PN
is the unique morphism extending the composition C --» P(1) — P(x,...,k) —
PN with degree measured by Opy(1).

4. MODULI OF MINIMAL WEIGHTED LINEAR SERIES WITH VANISHING
CONDITIONS

The goal of this section is to construct the moduli space of minimal weighted
linear series of degree n on a curve C. By Theorem the k-points of this
moduli space will be canonically in bijection with k(C)-points of P(A) of height
n. Our second goal is to construct a natural stratification of this moduli space
corresponding to the different universal tuning stacks. In the next section, we
will identify these strata with the spaces of twisted maps 7—[5}6 for different d
and I

4.1. The ambient stack of weighted linear series. Fix a smooth projective
curve C/k with function field K.

Definition 4.1. Let B/k be a scheme. A family of Z-weighted linear series on
C parameterized by B is the data of (L,s,...,sy) where L is a line bundle
on Cz := C x B and s; € H(C x B,L®4). A morphism (L,sq,...,sy)/B —
(L',sy,-..,5y)/B’ is a morphism p : B — B’ and an isomorphism v : p*L" — L
such that y*i(s]) =s;.

The category of families of weighted linear series WC(X) defines a category
fibered in groupoids over Sch/k.

Definition 4.2. For F a coherent sheaf on an algebraic stack X', the abelian
cone associated to F is
V(F) := Specy Sym® F.

Note that the formation of V(F) is compatible with flat base change and
satisfies fppf descent.

Proposition 4.3. WC(X) is a locally of finite type algebraic stack over k. Moreover,
the natural morphism We(A) — Pic(C) to the Picard stack identifies WW.(A) with
an abelian cone over Pic(C). In particular, W¢(A) is a union

We) = | [Wae(D)

n>0
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of connected stacks of finite type indexed by n = deg(Lp).

Proof. Let Pic(C) be the Picard stack of C/k and let £ be the universal line bun-
dle on 7w : C x Pic(C) — Pic(C). The following lemma is a standard corollary
of cohomology and base-change (see [[Hal14, Thm. D] for the generalization to
algebraic stacks).

Lemma 4.4. Let f : X — ) be a proper morphism of algebraic stacks and let F
be a quasicoherent sheaf on X flat over ). There exists a quasicoherent sheaf O
on Y such that

Homy,(B,V(Q)) = HO(Xp, Fp).

If F is finitely presented then so is Q. Moreover; if f,JF is locally free and its
formation commutes with arbitary base change, then Q = (f,F)¥

Applying the lemma to 7 and £2? we obtain a coherent sheaf Q% on Pic(C)
such that for any B-point L € Pic(Cp),

Homyp, (¢)(B, V(@) = H°(Cy, L®Y).

Denoting V(Q%) =: V¢, we conclude that

N N
Homp; () (B, l_lvfli) = @HO(CB, L&)
i=0 i=0
and thus

N
Homk (B, l_[Vli) = Wc(i)
i=0

as required.

Now Pic(C) =| |,z Pic™(C) is a disjoint union of finite connected compo-
nents parametrizing line bundles of degree n. Denoting Vg = V4 |picn(c), then
v | picn(cy = @ for n < 0 so we conclude that

W) = | [ Wac(h)

n=0
where Wn’c(jt) = ]_[?]:O Vi, [
Remark 4.5. Let ug4, : Pic"(C) — Pic™(C) be the d™ power map induced
by L — L®9. Letting £ be the universal line bundle on C x Pic(C), we have
L% cxpien(cy = Mg o Lloxpicinc)- Thus, Vi = ‘u'z,nVrlld‘

Remark 4.6. The stack Vg contains an open substack Ur‘li given by the comple-
ment of the zero section Pic"(C) — Vg. This is the open subfunctor parame-
terizing sections s € H°(Cg, L®9) where s, Z 0 for all b € B. In particular, the
vanishing locus D = V(s) € Cy is flat over B for any B-point of US by [IStal8]
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Tag OOME]. This implies that D is a relative effective Cartier divisor and we get
a morphism Ug — Sym?"(C) which makes the square

U4 —— symi"(C)

|

Bd,n
Pic"(C) —=s Picdn(C)
cartesian.

Remark 4.7. When dn > 2¢(C) —2, n*£®d|cx’picn(c) is a vector bundle over
Pic"(C) whose formation commutes with base change. In this case,

V4 = Specpicicy Sym* (. L cxpienc)) -
Remark 4.8. Let 7 : X — X be a G,,-gerbe and Q a quasicoherent sheaf on X'.
Then fppf locally (or even étale locally since G,, is smooth) the gerbe can be

trivialized to BG,, x. In the case where X' is a trivial gerbe, Q can be identified
with a quasicoherent G,,-sheaf on X. Then we have a natural identification

Va(Q) =[Vx(Q)/Gp x]-

In particular, V »(Q) contains as an open substack the weighted projectivization
of the abelian cone Vy(Q). In particular, this applies to the case 7 : Pic(C) —
Pic(C), where we can achieve such a trivialization of the gerbe after passing to
a field extension k’/k with C(k’) # @.

Remark 4.9. When C(k) # @ and dn > 2g(C) — 2, then Ur‘f is isomorphic to a
u4-gerbe of over the pullback of the projective bundle Sym?"(C) — Pic?™(C).
More generally, if nA; > 2g(C)—2foralli=0,...,N, then

N
l_[Vﬁl N OPic"(C)
i=0
is isomorphic to a weighted projective bundle over Pic"(C) where Vg carries
weight d. If C(k) = @, it is instead a possibly nontrivial form of this weighted
projective bundle.

4.2. Stratifying by normalized base locus. As we saw in Section 3.4} the mul-
tiplicity of the normalized base locus controls the local behavior of the universal
tuning stack. In this section we use this observation to stratify WH,C(X) into
strata which we will relate to moduli of twisted maps in Section

As C and P(A) are fixed, we will denote Wn,C(i) by W, for convenience.
Over W, we have a universal bundle £ on C x W, with sections s; € H°(C x
W, L&), Let

Bs =Bs(L,s0,...,5y) = Bs(£®’<,s§°, . ..,sl’},”)

be the normalized base locus of the universal weighted linear series. Now C x
W, — W, is a projective morphism so we can apply Grothendieck’s functorial
flattening stratification to Bs — }V, to obtain a stratification of W,.
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Proposition 4.10. The flattening stratification {WW™} for Bs — W), is indexed by
meNUoo ={0,1,...,m,...,00} where
(1) WS = Hom,(C, 77(71)) is the open substack parametrizing basepoint-free
weighted linear series, i.e. morphisms C — P(i),
(2) W) for 0 < m < o0 is the substack of families of weighted linear series
with normalized base locus finite flat of degree m,
(3) W' =@ for nk <m < 0o, and
(4 W2 ZPic"(C) is the closed substack where where s; = 0 for all i.

Corollary 4.11. There is a natural morphism W' — Sym™(C) for 0 <m < oo

sending a A-weighted linear series to its normalized scheme theoretic base locus
Bs.

The symmetric product Sym™(C) can be further stratified into strata Sym*(C)
indexed by a partition u - m. Here a partition u is a sequence u; = Uy > ... >

;> 0 where
l
ZMi =m.
i=1

We denote [ := [(u) the length of the partition and m = |u| the size of the
partition. Then Sym*(C) is the stratum parametrizing subschemes of C with
[ irreducible components of multiplicity u;. We say that a finite subscheme of
length m parametrized by a point in Sym*(C) has profile u.

Remark 4.12. While | | u Sym#(C) is at first glance a set theoretic stratification
of Sym™(C), in fact these strata have a canonical scheme structure as they can

be identified with the locally trivial Hilbert schemes parametrizing locally trivial
flat families of subschemes in C [[GK89, Sec. 2].

Definition 4.13. For any n > 0 and partition u, moduli space of weighted linear
series of degree n with normalized base profile u is the pullback

WE := W Xgumm(c) Sym*(C)
where m = |ul.
The B-points of W are families of weighted linear series (£, s, .. .,sy) on Cg

such that the normalized scheme theoretic base locus Bs(£, Sg, -+ +,Sy) is finite,
flat and locally trivial of profile u over B.

Definition 4.14. We say a normalized base profile u is minimal if u; < x for all
i.

Proposition 4.15. There exists an open substack W:l"icn(i) C W,LC(X) parametriz-
ing minimal weighted linear series. Moreover, WTE"(X) has a stratification into
locally closed strata WY over minimal base profiles .

Proof. A linear series is minimal if and only if the normalized base multiplicity
is strictly less than x for all points on C. In particular, it is a condition on
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the partition u: namely that u; < k for all i. Thus, the stratification W,’I"i" =
Uy minimalWﬁ ¢ is clear, at least set theoretically. To finish the proof, we show

that W,Té" is open in W, ¢. This follows from Lemma below applied to the
universal normalized base locus over W, N\ W>°.

Lemma 4.16. Let B be a locally Noetherian algebraic stack over k with finite
inertia. Let C be a smooth curve and let Z C C x B be a subscheme which is finite
over B. Then for each non-negative integer d, the locus of b € B such that Z, has
multiplicity < d at each point is open in B.

Proof. Without loss of generality, we may suppose that k is algebraically closed.
By flattening stratification and further stratifying by the profile u we see that
the locus of b € B where Z; has no point of multiplicity > d is constructible.
Thus it suffices to show this locus is stable under generalization.

Toward this end, we may suppose B = SpecR is the spectrum of a DVR (R, m)
with fraction field K and Z = SpecA for a finite R-algebra A. Suppose moreover
that SpecA/mA has no point of multiplicity at least d. We wish to show that
A ®p K also satisfies this condition. Let z; be the points of the special fiber
SpecA/mA. By assumption,

dim(A/mA), <d
for all z;. Let z; be a point of Spec(A®z K). Since Z — B is proper, z; specializes

to some point, which up reindexing we call z;, lying m. It suffices to show that
dimg(A®g K), < d. Since the question is local, we may replace A by A, and

suppose without loss of generality that A is local with closed point z and 2’ is a
point of the generic fiber SpecA ®; K. By upper semi-continuity,

thus the generic fiber of SpecR satisfies the required condition. [ ]
|

Corollary 4.17. For each K = k(C), n and 2, the k-points of the finite type
Deligne-Mumford stack W,'¢'(A) are in canonical bijection with K-points of P(A)
of stacky height n.

For some applications it is convenient to parameterize the normalized base
locus.

Definition 4.18. Let S, be the subgroup of the symmetric group S, consisting
of permutations o such that u,;) = u; for all i.

Let Conf;(C) be the configuration space of | ordered distinct points on C.
Then S,, naturally acts on Conf;(C) and the quotient Conf;(C)/S,, is isomorphic
to the stratum Sym*(C).

Definition 4.19. The space of weighted linear series with parametrized normal-
ized base locus of profile u is the fiber product

RE := Confj() Xgymu V.
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A B-point of R}, consists of a weighted linear series (L, sy, ...,sy) of degree
n on Cy as well as [ disjoint sections o; : B — Cy such that the Bs(L, sy, -..,sy)
is the relative effective Cartier divisor Y. u;0;.

4.3. Imposing vanishing conditions. For certain applications such as count-
ing elliptic surfaces with a fixed fiber type, it is useful to further stratify the
moduli space of weighted linear series by specifying vanishing conditions on
the s;. We will accomplish this by working over the space of embeddings of
infinitesimal discs of the form Speck[t]/(t™) into C.

Associated to a partition u we have a unique isomorphism type of curvilinear
Artinian local scheme with profile u and residue field k:

l
Ay = | [KLx]/ G
i=1

We denote by D, := SpecA,. In what follows we view u as an ordered tuple
(U1, ..., ) with y; > 1, while noting that the isomorphism type of D, and the
stratum Sym*(C) are independent of the choice of ordering.

Definition 4.20. Let G,, denote the automorphism group Auty(D,,).
The following lemma is straightforward from the definitions.

Lemma 4.21. G, is a finite type group scheme over k with component group S,
and whose identity component Gg = ]_[le(Gm X U, _1), where U, _; is a split
unipotent of dimension u; — 1.

Definition 4.22. Let Emb(D,,, C) denote the space of embeddings of D, into C.

Note that Emb(D,, C) is a quasi-projective scheme. Indeed, the Hom scheme
Hom(D,, C) is quasi-projective and Emb(D,,, C) Cc Hom(D,, C) is open by [[GW20),
Prop. 12.93]. Note moreover that when u; = 1 for all i = 1,...,l, then
Emb(D,,, C) = Conf}(C). We define a partial order on ordered I-tuples by u’ > u
if u; > u; foralli =1,...,1. Note here that u’ and u are not necessarily parti-
tions of the same number.

Lemma 4.23. We have the following.
(i) G, acts freely on Emb(D,,, C) and the quotient is isomorphic to Sym*(C).
(ii) The quotient of Emb(D,,, C) by Gg is isomorphic to the configuration space

of I = l(u) ordered distinct points Conf;(C) such that the diagram below
commutes.

GO
Emb(D,,, C) —— Conf(,,)(C)

T

Sym*(C)
(iii) Let u' > u. Then Emb(D,,,C) — Emb(D,, C) is a torsor for the subgroup
Gﬁ, C G, of automorphism of D,, which are the identity on D,,.
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Proof. We have a map Emb(D,,, C) — Sym*(C) given by taking the image of an
embedding D, — C as a subscheme of C. Two embeddings have the same image
if and only if they differ by a reparametrization of the source, proving For
note that Confj(,y(C) = Emb(Spec l_ﬁzl k,C) is the space of embeddings
for the partition 1+...+ 1 = [ with all parts equal to 1. Denoting this partition
by wy, it is clear that G° = Gﬁo and so the horizontal map in is a special case
of The commutative diagram in [(ii)] then follows by the identification of

S, with the component group of G,, coming from Lemma Finally for [(ii1)}
note that the natural map Emb(D,,, C) — Emb(D,,, C) is induced by composition

with the closed embedding D, — D,,. Since all embeddings of D, fixing D,
have the same image in Sym“/(C ) (here we are using that C is a smooth curve)
then they differ by a reparametrization by G, but this reparametrization must
fix the embedding D,, — C so it must be an element of GL‘,. [ ]

Remark 4.24. In fact, the torsor Emb(D,,,, C) — Emb(D,, C) is a Zariski locally
trivial fibration admitting a section and with fiber isomorphic (as a scheme not

a group) to

l_[ G, x AH™2 x l_[ AHTH

pi=1 pi#l
This is because Gﬁ , is an extension of G,, by a split unipotent group, hence a
special group scheme.

Definition 4.25. For u’ > u and a fixed embedding f : D, — C, we say that an
embedding f’: D, — C extends (f,D,,) iff’lDu =f.

We are now ready to define moduli spaces of weighted linear series with
vanishing conditions. We will need some notation to talk about imposing both
equalities and inequalities on the orders of vanishing of the sections. To accom-
plish this we will use a pair {v, T} where v = (vy,..., v) is an ordered [-tuple
and T c {1,...,1} to encode the condition

vy, (s) = v; with equality if i € T.
Finally, if t is an integer and v is a tuple, denote by t v the tuple (tv,,..., tv}).
In the following two definitions, u; encodes the multiplicity of the i-th com-

ponent of the normalized base locus Bs(L, s, . . .,sy) and ,u(j )

; encodes the van-

o A : —
ishing order of S; ’ along the i-th component of Bs(L,s,,...,Sy). As a result, for
6)

each i, we want u;” = u; with equality for some j.

Definition 4.26. For each j, fix /) an [-tuple and a subset T; c {1,...,1}
and let u) = ij v, Suppose that pu® > u and that for each i = 1,...,1,
Uy = minj{,ugj)}. We call

Y =: ({ V(O)a TO}) KRN {V(N): TN})

a tuple of vanishing orders realizing u and denote by y; its j th component {7, T;}.
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Definition 4.27. A family of X-weighted linear series of degree n on C with
parametrized normalized base locus and vanishing order y over B is the data
of a weighted linear series (L, sy, . ..,sy) of relative degree n on Cz and disjoint
sections {o; : B — CB}f.:1 such that

(D B_S(L,so,...,sN) is a relative effective Cartier divisor over B which is
equal to Y. u;0;,

(2) foreach j=1,...,N and any family of embeddings D,,(j x B — Cg with

7.
image containing Y. u;0;, the restriction (L®,s j Np o 1s identically 0,
u

and

(3) foreachj=1,...,N, eachi € T; and any family of embeddings Du@+1 X

B — Cy with image u;o;, the restriction (L®¥,s j’)l D, . is not identi-
1
cally 0.

Note that S,, acts on the set of vanishing orders y; = (v, T;} by permuting

the [ parts of ') as well as acting on T; c {1,...,1} via the natural action on
subsets of {1,...,1}.
We prove the Main Theorem of this section.

Theorem 4.28. Fix A, C, n and u=(Wy,...,u;) as above and let y be a tuple of
vanishing conditions realizing u as in Definition 4.26
(1) There exists a separated algebraic stack RZ c(i) with a morphism RZ C(i) —

Confy(,,)(C) whose B-points are Z-Weighted linear series of degree n with
parametrized base locus and vanishing order y over B. Moreover; there is
a locally closed stratification

LR, Ry
T

where the union is over all y realizing u.
(2) Let WZ’C(Z) = [|_|Y, Rz,c /Su] where the union is taken over all y’ in the
S,-orbit of y. Then W:: c(A) is a separated algebraic stack and we have

an unramified surjective monomorphism
Y u
| Wi —-we
T
where the union is over a set of representatives for the S, -orbits of the set
of y realizing u.
Proof For any ordered tuple u’ > u, we let Rh* denote the pullback
R[;:;H = Emb(DM/, C) Xconfl(m R#
A point of Rh" consists of a weighted linear series (L, s, ...,sy) of degree n on

Cg, | disjoint sections o; : T — Cy such that the Bs(L,s,...,sy) is the relative
effective Cartier divisor Y. u;o; as well as an embedding D,y x B — Cg which
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/7
contains Y u;0; in its image. Note that R — R}, is an Gg,-torsor by Lemma
[4.23 ,
Over RH" we have a universal linear series (L5805 - - - »5n) with normalized
base profile u as well as a universal closed embedding

o’ wu
DH/ X Rn —C x Rn .
For each j, we can restrict s; along this closed embedding to obtain a line bundle

with section (L’ﬁ sl p,, - Viewing this data as a morphism
Dy x REH —[AY/G,,]
we obtain for each j a morphism to the Hom-stack
;i R4 — Hom(D,y, [AY/G,)).

For each i, we can also restrict to D, := Speck[x]/ (x“fﬂ) and obtain a further
1
composition

. To MU 1
au/,j,i . R‘::f‘u g HOI‘n(DHi,[A /Gm])

. .. ®A; .th -
given by restricting (£, 7, s;) to the ith jet D, of D,,. We can also take powers

k  and

of the line bundle and section for any integer k to obtain morphisms a,

e - ®kA;
aﬁ/’j,i classifying the restriction of (£, "’ ,s;.‘).
Let Z ﬁ’ji c R be the closed substack defined by the vanishing locus
and let Uk, ..
M ’]’l
the action of the various groups G“j , and Gg of reparametrizations of the em-
bedding and so by Lemma [4.23] they descend to closed and open substacks
k k u : k k :
Z“,7j’i,gu,’j’i C R, respectively. The substack Zy i (resp. Up/,j,i) parametrizes
those A-weighted linear series (L,so,...,sy) such that (L% s;)|p , vanishes
o

! fd . .
=RM\NZ plt{’j .. These substacks are invariant under

k
of a, .

Joi

identically (resp. does not vanish identically) for all embeddings D,, — C
containing the normalized base locus > u;x; in their image. Then R/ is the
intersection of Z 5,’].’1. and Z L‘,/,’j,’i, as u',u”,j,j’,i,i,k,k’ vary over appropriate

values. This implies that R}, is locally closed and that they stratify R.. In par-
ticular, |_|Y R — RY is an unramified surjective monomorphism. Since these

properties can be checked étale locally, the same holds for |_|Y WI—sWE. =

Remark 4.29. The map W) — W might fail to be a locally closed embedding.
The reason is that the S, -invariant union |_|W RE/ over the S,-orbit of y may
not be locally closed in R}, even though R! — R} is locally closed embedding.
However, W) — W} is locally closed up to a locally closed stratification of the
source and target and this is good enough for computing most invariants we
will be interested in (e.g. number of points and the class in the Grothendieck
ring of stacks).
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4.4. Defect of minimality. In this section we define the defect of minimality
e of a weighted linear series. It measures the failure of a linear series to be
minimal.

Let u be the normalized base profile. We can divide each part u; by k to
obtain u; = xq; +r;.

Definition 4.30. We define q(u) and r(u), the quotient and remainder of u
when divided by «k, to be the partitions with parts g; and r; respectively.

Definition 4.31. The minimality defect of u is the size of the quotient

e = |q(u)l.

The minimality defect of a weighted linear series is the minimality defect of its
normalized base profile.

Let (L, S, - --,Sy) be a weighted linear series with normalized base profile u.
Let D =Bs(L, sy, ...,sy) € Sym*(C) be the normalized base locus. Condiser the

round-down
o2
lx

and let D” = D —xD’. The following lemma is clear by construction.

Lemma 4.32. We can write D = kD’ + D" where
(1) D’,D” > 0 are effective,
(2) D’ has profile q(u) and D" has profile r(u), and
(3) e =deg(D").

The constructions of D’ and D" also make sense in any family of weighted
linear series with normalized base profile u.

Remark 4.33. Since the minimality defect e of a weighted linear series depends
only on its normalized base profile, e is constant on each stratum WY . In par-
ticular,

e W, NW> - Z
is a constructible function and the level sets are unions of W/ over all normal-
ized base profiles y with the same minimality defect.

5. HEIGHT MODULI ON CYCLOTOMIC STACKS

In this section, we prove the following theorem on existence of height moduli
. . . . 1" .
and their relation to moduli of twisted maps H d.C (Section | .

Theorem 5.1. Let (X, £) be a proper polarized cyclotomic stack over a perfect field
k. Fix a smooth projective curve C [k with function field K = k(C) and n,d € Qx,.

(1) There exists a separated Deligne-Mumford stack M, (X, L) of finite type
over k with a quasi-projective coarse space and a canonical bijection of k-
points

M (X, L)(k) = {P € X(K) | htz(P) = n}.
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(2) There is a finite locally closed stratification

UH(S,C(X’ L)/Sy — Mn,C(X’ L)
r,d

where the union runs over all possible admissible local conditions (Defini-

tion
r= ({rlz al}: s {rs:as})
and degrees d for a twisted map to (X, L) satisfying

S
a.
n=d+z—l
i=1 i

and Sy is a subgroup of the symmetric group as in Definition [2.31]

(3) Under the bijection in part (1), each k-point of 7—[5 (X, L)/Sy corre-
sponds to a K-point P with the stable height and local contributions given
by

hef(P)=d {5i = —'};.

Remark 5.2. When (X, £) = (73(1), (’)P(;U(l)), we will see in the next section

that the moduli space M, (&X', £) is the space Wr’lné”(k) of minimal weighted
linear series from Proposition4.15}; the stratification into spaces of twisted maps
7—[5 ¢ corresponds to the stratification of W'/ into WY . for minimal partitions

.

Remark 5.3. In fact, the proof of Theorem [1.2| will show that M, (X, L) is
a cyclotomic stack by proving that M, (X, L) C Mn,C(P(i), OP(Z)(U) is a
closed substack and that Mn,C(P(i), OP(Z)(D) is cyclotomic.

As an immediate corollary we obtain the following Northcott property.

Corollary 5.4. Fix (X, L) and C as above and suppose k is a finite field. Then for
any B > 0, the set

{Pe X(K)|ht (P)<B}
is finite.

Remark 5.5. It is not hard to see from the construction of M,, o(X, £) that it is

compatible with base change in the following sense: if k’/k is a field extension
with k’ perfect and we denote (X7, L") = (X, L) x, k" and C’ = C x; k/, then

Mn’c(X, ﬁ) Xk K = Mn,C’(X/: E/)

as stacks over k’.
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5.1. The weighted projective case. We begin by proving Theorem [1.2] for
(X, £)=(P(R), 0pz,(1)).

The key input is the correspondence in Theorem 3|and our main task is to check
that this correspondence holds in families.

Proof of Theorem (1.2|for weighted projective stacks. We will check that Wr’l’}é”(i),
the space of minimal linear series on C, satisfies the properties of the theorem.

For part (1), note that by definition a k-point of WTTIC” is a minimal A-weighted
linear series (L,sg,...,Sy) on C with degL = n. This induces a rational map
C - 77(1) which gives us a rational point P € P(i)(K ). By Theorem ,
hty(1)(P) = n. On the other hand, a rational point P € P(i)(K ) of height n
spreads out to a unique minimal weighted linear series by Theorem [3.3] (2)) and
the degree of the minimal weighted linear series is n by Theorem 3.3] (3). This
gives us the required canonical bijection

WM (k) 2 {P & P()(K) | htoay(P) = n}.

For part (2), we begin with the following lemma. Let x :=lem{A,, ..., Ay}
and A; :=«/A; as usual.

Lemma 5.6. Suppose k > 1. Then the map

(st eitm)

m— ,

ged(m, k)" ged(m, k)

induces a bijection from the set {1,...,k — 1} to the set
{(ra):1<a<r,rlk,ged(r,a) =1}

Proof. By construction, the map lands in the required set so it suffices to con-
struct an inverse. The inverse is simply given by
Ka
(rna)— —
r
which is an integer in {1,...,x — 1} by the conditions on (r, a). [ |
We have the following immediate corollary.

Corollary 5.7. For each | > 1, there is a bijection between the set of [-tuples of
admissible local conditions T' = ({ry,a,},...,{r;,q;}) for a representable twisted
map to P(A) and the set of minimal ordered partitions y with [ parts.

Proof. A pair (r,a) is admissible if and only if r|x while a partition u is minimal
if and only if u; < k for each i. Thus the required bijection is the [-fold product
of the bijection in Lemma |

Now by Proposition W;"i” has a finite locally closed stratification into
WY where p runs over all minimal partitions with |u| < xn, where the in-
equality holds by Proposition (3). Fix one such partition u and suppose
[(u) = 1. By the above corollary, there exists a unique [-tuple of local conditions
I'=({ry,a1},...,{r;,q}) corresponding to the partition u. We will show that
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7—[5 /Sr = WY where n and d are related as in the statement of Theorem [1.2
More precisely, we will show the following.

Proposition 5.8.
i = Ry
as stacks over Conf;(C).

Part (2) of the theorem then follows.

Proof of Proposition[5.8] In one direction, £et (C—>B,f:C—> 73(1), {Zi}gzl)
be a family of twisted maps from C to P(A) of type I' and degree d. Let £ =
f *Opm(l) andlet t; €H 9(c, £2%) be the pullback of the canonical section of
Op(i)(k i)- Let u; be the section of O¢(%;) cutting out the marked u,.-gerbe ;.
By construction the line bundle

o(Sen)

i=1
carries the trivial character at each point of the twisted curve C/B and thus is
the pullback of a line bundle L of degreen=d + >_, %

i=1 r;

. . Aja;
7 : C — Cg. Moreover, as in the proof of Proposmon §j =T, (tj u’ l)

is a section of L®%. Thus, (L,sg,-..,sy) is a family i-weighted linear series on
Cp — B. Moreover, since C is tame, the coarse moduli map 7, is exact and its
formation commutes with base-change. In particular, the construction taking
the twisted map to the weighted linear series is functorial and by checking on
fibers over b € B and applying Proposition we conclude that (L, sg,...,Sy)
is a family of minimal linear series. Next, applying Proposition[3.9and Corollary
we conclude that (L, sy, ..., sy ) has base profile u along the marked sections
o; = 1, %;. Putting this all together, we see that (Cz — B,0;,L,Sp,...,Sy) is a
B-point of R} as required.

On the other hand, suppose (Cy — B,0;,L,sq,...,Sy) is a B-point of Rk
and letT' = ({ry,a;},...,{r;,a;}) be the local conditions corresponding to u via
Corollary[5.7] Let C be the iterated root stack of Cy along o; to order r; for each
i=1,...,1 and let %; denote the u, gerbe corresponding to ¢;. Let £ on C be

the line bundle
1
,C = TL'*L (—Z aiZi) .

i=1
Then £ is uniformizing with relative degree d over B and local conditions I' by
construction. Moreover,

along the coarse map

*

*s;
— J O p®A;
tj= o € H (L)
iU
and by checking on fibers over b € B, we conclude that (L, ty,...,ty) is a

basepoint-free weighted linear series by Proposition The formation of root
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stacks commutes with base change and so this operation is functorial. More-
over these two operations are clearly inverses and so we have an isomorphism
H, = Ry, as claimed.

Finally, it follows from Corollary- 3.11| that ht*(P) = d and the local contri-
butions to height are = for P e P(A)(K) corresponding to a k-point of ’HF [ ]

This concludes the proof of Theorem [1.2] for the case of weighted projective
stacks. [ ]

5.2. The general cyclotomic case. In this section we reduce Theorem [1.2]for
general proper polarized cyclotomic stacks (X, £) to the case of P(A).

Proof of Theorem [I.2]in general. By Proposmon- 2.15] there exists a representable
closed embedding X C P(A) for some A such that £ = OP(M(I)I x- Now X (K)

is a sub-groupoid of P(?L)(K ). For any P € X (K), there exsts a unique universal
tuning stack with a representable morphism C — & and generic point P. The
composition C — P(A)isa representable morphism with generic point P viewed
as a point in P(A)(K). Thus C is the universal tuning stack for P € PA)K) by
uniqueness and L|; = OP(Z)(1)|C by functoriality. Thus we have equalities

ez (P) = hto, (), BeH(P)=he ., (P), and
6x(BL)=6,(POpy(1)) forall x € C.

To finish the proof we show that the condition for a family of i-weighted
linear series to have generic point mapping to X’ C P(A) is closed inside W,Ti“
and thus cuts out the stack M, (X, £) inside W™, To do this, we first con-
sider the twisted map strata ”HE,C(P(Z),O(I))/SF. Since X C P(Z) is closed,

it is a closed condition in the stack of twisted maps for a C — P(A) to map
to X, and hence the condition for a family of i-weighted linear series to have
generic point mapping to X C P(A) is constructible inside Wr’l”i”. It therefore
remains to prove that this locus is stable under specialization. To this end, let
R by a DVR with fraction field K’ and residue field k’, and let (L,s,...,sy) be
a minimal X-weighted linear series on Cz. Let U C Cg be the complement of
the base locus, which is a non-empty open subset. Then we have a morphism
f:U—> P(A) and we are assuming that the generic point of Ug, maps to X.
Since U — SpecR is flat, the generic point of Uy, specializes to the generic point
of Uy,. Since X C P(A) is closed, this implies that the generic point of Uy also
maps to A'. We have therefore simultaneously shown that M, . is a closed sub-
stack of W®" and that it comes equipped with the required stratification as in
part (2). [ |

Remark 5.9. Our construction of M,, ¢ gives us a closed substack of W™" with
reduced induced structure. This is good enough for applications to point count-
ing, computing classes in the Grothendieck ring, and homological /representation
stability. However, it is an interesting question if M itself carries a natural mod-
uli interpretation, as opposed to just its k-points.
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Remark 5.10. Under the isomorphism #), = R}, in Proposition (5.8), the strat-
ification of RY constructed in Theorem yields a stratification of 7—[5. The
stratum R} corresponds to stratifying by tangency conditions for the marked
gerbes along the toric boundary of P(A). This suggests that if one replaces
77(71) by a smooth Deligne-Mumford toric stack, then one may construct ana-
logues of the strata R, in terms of logarithmic twisted maps.

Definition 5.11. We say that a rational point P € X'(K) is isotrivial if the stable
height is zero ht*!(P) = 0.

Remark 5.12. This is equivalent to the usual notion of isotrivial since ht*‘(P) =
deg(C — X)) measured with respect to £. Since £®M descends to an ample
line bundle on the coarse space X, the stable height is zero if and only if the
morphism on coarse moduli spaces C — X is constant. Note in particular that
the condition of being isotrivial is independent of the choice of polarizing line
bundle L.

Proposition 5.13. There is a closed substack Mif’oc(/'\,’ ) ¢ M, (X, L) parametriz-
ing isotrivial K-points.

Proof. By Remark M, (X, L) is a closed substack of/\/ln,C(P(i), Op(i)(l)).
It is immediate from the definitions that P € X'(K) is isotrivial if and only if P €
P(A)(K) is isotrivial. As a result, M*°(X) is a closed substack of M=°(P(1)),
and hence it suffices to prove the result for 79(1).

Given P € P(Z)(K ), let (L,sg,...,sy) be the corresponding i-weighted linear
series and let C — 73(7&) be the universal stack with local conditions

I'={ry,a}, ... {re,a0})

Then P is isotrivial if and only if

1

I4
a; 1 —
hto(P) = E r—l = ;deg(Bs(L,so, ey SN))-
i=1

In other words, P is isotrivial if and only if its normalized base locus has the
largest degree possible. The locus of such points P is given by the smallest
stratum in the stratification from Proposition [4.10}, and hence closed. [ |

Finally, we give a simple application to bounding points of bad reduction. A
typical situation is that X is the compactification of a moduli space I/ of smooth
objects and X \ U = D is a Cartier divisor parametrizing singular objects. We
call D the boundary divisor. This is the case for example for the moduli space
of elliptic curves M, ; C Mu with D = oco.

Definition 5.14. Let (X, £) be a polarized cyclotomic stack and let D c X be
a Q-Cartier divisor with open complement I/ and let P € U/(K) be a rational
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point. Let

be the universal tuning stack of P and let 3; be the marked gerbes of the twisted
curve C. We say P has bad reduction at x € C if x is in the image under 7 of the
locus

l
Foyu| |
i=1

Proposition 5.15. Fix (X, £, D) as in Definition Then there is a uniform
bound on the number of points of bad reduction depending only on the height of
the rational point. More precisely, there is a function Ny , p(n) such that for all
K =k(C)and all P e U(K) C X(K),

#{x € C | P has bad reduction at x} < Ny . p(ht.(P)).

Proof. Fix K = k(C) and P € U(K). Let n = ht,(P) and choose M such that
LM = n*L, where : X — X is the coarse space map and L is ample on X.
Then we obtain a map f: C — X and we have d = % deg(f), where degree
is measured with respect to L. Letting I' = ({ry,a1},...,{ry, a,}) be the local
conditions of the universal tuning stack of P, we have n = d + Zle Crl—ll Since
the map f : C — X from the universal tuning stack is representable, we see all r;
are bounded. Since n is also bounded by assumption, we see d and the number
of stacky points £ are bounded. As a result, we have bounded the number of
points P of bad reduction which are in the image of |_|£:1 ;.

It remains to show that the number of points in the image of f ~(D) are also
bounded. Let D be the coarse space of D, so that D C X is a divisor. Since
D is Cartier, then mD is Cartier for some fixed m > 0. Then since C is not
contained in D, the number of points in the image of f ~!(D) is bounded by the
intersection number C - (mD). To bound this quantity, we consider the moduli
space of degree Md maps from curves to X. This space is quasi-projective so
has finitely many irreducible components Z1, ..., Z,,. For each i, there is a non-
empty open set U; C Z; such that for all points f: C’ — X of U;, the quantity
C’-(mD) is a constant N;. Since C -(mD) is bounded above by max; N;, we have
therefore bounded the number of points of bad reduction. [ ]

6. RATIONAL CURVES ON WEIGHTED PROJECTIVE STACKS

Fix A, x and J_Lj as in Section In this section we explicitly describe the
height moduli for k(t)-points on P(A). By Theorem this is equivalent to
describing the moduli of weighted linear series on C = IF’,lc.

In this case, Pic"(C) = BG,, is a trivial gerbe over Pic"(C) = Speck. The
maps Uq , : Pic"(C) — Pic"d(C) (Remark are the identity and by Remark
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we can view W, — BG,, as the abelian cone associated to the following G-
representation. Let Vf = H°(P!, O(dn)) equipped with a G,, action of weight
d and let

N
o =P,
j=0

viewed as a G,,-equivariant locally free sheaf on Speck. For a vector space V,
the abelian cone SpecSym®(V") is simply V itself viewed as an affine space.
Thus

N
~ A;
Wy = [VSpeck(Q)/Gm] = [@Vn ]/Gm:| - BGy,
j=0
is simply the stack of tuples (fy,...,fy) of binary forms where degf; = A; - n
modulo the action of G,, given by

t-(fore-or fy) = (7 fo ooy N i),

The stratum WW° C W, is the zero section of the projection

N Y
[6]9 vnf/Gm} — BG,
j=0

and thus W, N\ W?° is identified with the ambient weighted projective stack
N
P (@ v ) |
j=0

Fixing coordinates, we can think of this concretely as the weighted projective
stack

PRy Agseos Anseos Ay)
~—— N—_———
nAg+1 nAy+1

parameterizing the coefficients of the homogeneous polynomials (fy,..., fx)
(see [[PS25] Sec. 4.1]).

6.1. Stratifying by defect of minimality. Fix a height n and 0 < e < n. In
this section, we use the minimality defect to stratify the complement of W,Ti“
inside W, \ W into strata corresponding to minimal weighted linear series
of smaller height.

First we construct a map

N
. A
Yne : W X B(V)) - P (69 Vi )
i=0

whose image is exactly those weighted linear series with minimality defect e.
We have a map of affine spaces

N 2 N .
(@vn:e)eveu@vx
j=0 j=0

((fos -+ > fu)s ) = (foh™, .., figh™).
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This map is equivariant for the homomorphism Grzn — Gy, (s,t) — st and thus
descends to the required map v, , after taking quotients and passing to open
substacks.

Proposition 6.1. Up to taking a locally closed stratification of the source, v, , is
a locally closed embedding.

Proof. First we stratify Wr'l"_‘g by normalized base profile and ]P’(Vel) = Sym*(P?)
by partition type to obtain a stratification

Wit x (v = | | W, x Ssym* B!
W

where the union is over minimal base profiles u” for weighted linear series of
height n —e and ' partitions of e. On the other hand, we stratify the target by
normalized base profile into strata W'

Let u be a base profile with minimality defect e and let u” = r(u) and u’ =
q(u) be the remainder and quotient respectively. First note that

'(/)n,e(W#Ze x Sym* P1) ¢ WH.
Indeed, on the level of points, the normalized base locus of v, .((fo, .., fx),h)
is
kD' +D”

where D” = Bs|fy,...,fy| and D’ = V(h). Then xD’+ D” has profile u by
definition of u’, u”.

On the other hand, suppose (fy,..., fy) is @ weighted linear series with base
profile u. We can write its normalized base locus as

Bs=D =«xD’+ D"

as in Lemma where D’ € Sym”l P! is the vanishing of a polynomial h of
degree e and type u/'.

By definition of WY, this decomposition of the normalized base locus holds
when (L, fo, ..., fy) is the universal linear series over the whole stratum. Then

h* divides f j)Lj for all j and so
fy = £/
for some fj’ € HO(P! x WM £(—D’)%). Then the data

(L(=D"), fgs--+> fyy)
is a weighted linear series of height
degyy L(—D)=n-—e

and normalized base profile u”. In particular, this is a minimal weighted linear
series over W which induces a morphism

“ H//
WH - W
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Combining this with the morphism W} — Sym“/ P! that outputs D’ = V(h), we
have a morphism

WE - W x Sym# P!

which by construction is inverse to the restriction

Yot Wi, x SymH P1 — WH,

Corollary 6.2. The disjoint union of \, ,

n

N
do: | W < BV - P (@ V,ff)
i=0

e=0

is an isomorphism after stratifying the source and target.

Proof. By Proposition and its proof, after further stratifying the source and
target, v, restricts to an isomorphism of strata

WE | x symH P — W

where u is a normalized base profile with quotient q(u) = u’ and r(u) = u”.
It suffices to show that each generic point of a stratum of the source maps to a
unique generic point of a stratum in the target. The map on generic points of
strata is injective as u” = r(u) and u’ = q(u). On the other hand, let (fy, ..., fy)
be the weighted linear series parametrized by the generic point of W). Then
as above we write

Bs|fy, ..., fy| =«xD’+D”

where D’ € Sym?™ P! ¢ IF’(Vel) is the vanishing of some polynomial h of degree
A . .
e = e(u) and f; I = Gj_hK where D” = Bs|G,, ...,Gy|. By unique factorization,

i
it follows that G; = gj] and f; = gjhlf for some g; of degree A;(n—e). Thus
(go,---,8y) is a weighted linear series of degree n — e with normalized base
profile r(u) which is minimal by construction and

(fO:' . ':fN) = wn,e((goz' . .,gN),h).
|

6.2. Stratifying by vanishing order. Fix a partition u with [ parts and y a tuple
of vanishing orders realizing u as in Definition We have natural locally
closed subvarieties
N
. A
wmin, wk cw, =PV, \o0.
j=0

Here W;“i” is the set

{(fo,...,fN) | mjn(ijvx(fj)) < k for all x E]P’l}
j
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which is open in W, by Lemma 4.16, and W' is the locus of (fy,..., fy) such
that ( OAO, . fIéN simultaneously vanish at exactly | points to order u; for
i=1,...,L

Lemma 6.3. The subvarieties WTI’”'” and W} of W, are G,,-invariant and we have
W,Ti" = [er‘i”/Gm] and W! = [W#/Gm].

Next we describe the parametrized version Rf. Let Ty RY — Confy(,,
denote the natural projection and let 7, ,, be the restriction of ,, ,, to RI c Rh.
Then Confy(,) = (P1)! \ A where A is the big diagonal. For each (x1,...,x;) €
Confy,)(P!), we define

RI(x, o 20) = { (oo ) | 7, (F) 2 v with equality if i € T} } .

Lemma 6.4. For each (xi,...,Xx;) € Confl(u)(Pl), the locus Rl (x1,...,x,) C W,
is locally closed and G,,,-invariant. Moreover, we have an identification

rt;j/(xb cen X)) = [R)rfl(xl’ s X)/ G .

We end the section with a discussion of the special case | = 1 which will fea-
ture prominently later in the paper. The weighted linear series has a basepoint
at exactly one point x with normalized multiplicity u € Z.,. In this case the
vanishing order is just a single number ) and T; is either empty, in which

case we allow v, (f;) = v, or {1}, in which case we require v (fj) = v,
For this reason we denote the tuple as a list of numbers, some of which have
inequalities.

Example 6.5. If y = ({1, 3}, {1, {1}}), we denote it by the symbol (> 1, 1).
Example 6.6. If y = ({2, {1}}, {3, {1}}), we denote it by the symbol (2, 3).
Proposition 6.7. When |l =1,

Tny t RE— P!

is a Zariski-locally trivial fibration which can be written as a G,,, quotient of a
locally trivial fibration of P! with fibers R},(x). In particular

R} (x) =R} (y)
for all x,y € P' and we have an equality
{RL(0)}

{Gn}
in the Grothendieck ring of stacks (Section|8.2)).

{R]} = (P}

Proof. By Lemma R is isomorphic over P! to the G,, quotient of the locus
inside
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of pairs (x, fi, ..., fy) such that the f; do not simultaneously vanish on P! \ x,
minj{ij v (fj)} = u, and v, (f;) = v() with equality if T; = {1}; note that this
locus agrees with W, since { = 1. As G,, is special, it suffices to show that
W, — P! is Zariski-locally trivial. Now W,/ — P! is equivariant for the natural
PGL, action
(x:fb . "fN) = (gx5f1 ° g_l:"'>fN og_l)-

Locally in a neighborhood of any given point, say 0 € P!, there exists a chart
0 € U C P! and a family of automorphisms ¢ : U — PGL, such that U is
invariant under ¢(U) and ¢ (u) -0 = u. Now let W,/ (0) denote the fiber of W,
over O and consider the map

UxWI(0)— WDNIly

given by

W f1,- s fn) = W frop@™,.., fy o p(@)™)
On the other hand, we can act on (W,))|;; by ¢(u)™! to produce a map back-
wards and it is clear these maps are inverses, proving the required Zariski-local
triviality. The computation of the motives then follows from [[Eke25| Prop. 1.1
i), 1.4]. [ ]

Remark 6.8. Note that when [ = 1, Conf; = Sym!™(P!) and W) = R, so we
conclude that W is a locally trivial fibration over P! with fiber [R}(0)/G, |.

Remark 6.9. Under mild conditions on the characteristic, various moduli stacks
of curves are isomorphic to weighted projective stacks, and thus admit height
moduli. In this regard, we recall the works of [[Beh06), [Sto12, [ HM17, Mei22[] for
modular curves with prescribed level structures (see also the works of [[KM85)
Con07,INil13]]). For curves of arithmetic genus one with multiple marked points,
we recall the works of [[Smyl1a, [Smy11bl,LP19]. Lastly for examples in higher
genus, we recall the works of [[SFO0], [Fed14| [HP23]].

7. MODULI STACKS OF ELLIPTIC SURFACES WITH SPECIFIED KODAIRA FIBERS

In this section, we formulate the moduli stacks of elliptic surfaces of stacky
height n with fixed singular fibers. Via the isomorphism MM = P(4,6) over
Z [%], these are identified with the moduli spaces Hg and R} of twisted maps
with twisting conditions I' and weighted linear series with vanishing conditions
y respectively and the isomorphisms between 7—[5 and R}, for various I, y,d and
n are interepreted in terms of the birational geometry of elliptic surfaces.

We begin with the basic definitions surrounding elliptic surfaces following
[Mir89), [SST0]] (see also [Sil09, [Liu02]).

Definition 7.1. An irreducible elliptic surface (f : X — C,S) is an irreducible
algebraic surface X together with a surjective flat proper morphism f : X — C
to a smooth curve C and a section S : C < X such that:

(1) the generic fiber of f is a stable elliptic curve, and
(2) the section is contained in the smooth locus of f.
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Definition 7.2. A minimal elliptic surface is an elliptic surface which is relatively-
minimal i.e., if none of the fibers contain any (—1)-curves.

Definition 7.3. A Weierstrass fibration is an elliptic surface obtained from an
elliptic surface by contracting all fiber components not meeting the section. We
call the output of this process a Weierstrass model. If starting with a smooth
relatively-minimal elliptic surface, we call the result a minimal Weierstrass
model.

Lastly, the geometry of an elliptic surface is largely influenced by the funda-
mental line bundle £ which is the L in a weighted linear series.

Definition 7.4. The fundamental line bundle of an elliptic surface is £ =
(f Ns /X)V, where N/ denotes the normal bundle of S in X.

An important observation is that the Weierstrass model over Z[%] has a
global Weierstrass equation of the form

4 (y2=x>+Ax+B} eP.(O® L% & L573)

where A€ H°(C, £%%) and B € H°(C, £®°) as in [Mir89, Cor. 2.5] and the mini-
mality condition for the Weierstrass model is exactly the same as the minimality
condition as in for a weighted linear series.

The singular fibers of elliptic fibrations were classified in the classical works of
[Kod63, N64]. There are two types of elliptic surfaces depending on what kind
of singular fibers (i.e. bad reductions) underlying elliptic fibrations have. When
there exists only multiplicative bad reductions then we call such a smooth
relatively-minimal elliptic surface to be an semistable elliptic surface. When there
exists at least one additive bad reduction then we call such a smooth relatively-
minimal elliptic surface to be an unstable elliptic surface. By the well-known
Tate’s algorithm, the classification of singular fibers corresponds to vanishing
conditions on the coefficients of the Weierstrass equation (see [[Her91], Table
1]).

The following is clear.
Proposition 7.5. The height moduli space W}'"(4,6) = M, c(P(4,6),0(1)) of

weighted linear series is the moduli stack of minimal Weierstrass models (f : X —
C,S) with the degree of the fundamental line bundle equal to n.

As an immediate corollary we obtain the following.

Corollary 7.6. The stratum RZ,C(4, 6) is the moduli space of Weierstrass elliptic
surfaces with unstable fibers specificed by y. Moreover, the Faltings height of an
elliptic surface given by the degree of the of the fundamental line bundle agrees
with the stacky height for a rational point of Ml,l = P(4,6) with O(1).

On the other hand, the spaces of twisted maps to mm also have an interpre-
tation as moduli of elliptic surfaces. This was originally used in [[AV02, [ABT9]]
to compactify the moduli space of elliptic surfaces. We review the construction
here for the benefit of the reader.
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Definition 7.7. A stable stack-like elliptic surface is a tuple (h : ) — C,S)
where h is a surjective proper representable morphism from an orbifold surface
to a twisted curve and (),S) — C is a flat family of stable elliptic curves with
section such that the stabilizers of C act generically fixed point free on the fibers
of h. A twisted model is the coarse moduli space (g : Y — C,S;) of a stable
stack-like surface.

A stable stack-like surface induces a representable classifying morphism
@ C—- Ml,l

where Y =, ©*€ for € — Ml,l the universal family. In particular, the twisted
structure on C and the stabilizer action on ¢*(O(1) are encoded by a tuple of
local twisting conditions I

Proposition 7.8. The space 7—[5(7’(4, 6)) is the moduli of stable stack-like elliptic
surfaces with local twisting conditions T such that ¢*O(1) = L is the fundamental
line bundle and 12d = deg(j) where j : C — Ml’l is the j-map. In particular, the
stable height of an elliptic surface is % deg(j).

Proof. The identification of moduli spaces is clear. The only thing we need to
check is that 12d = deg(j) but this follows from the observation that 7*Op1(1) =
O(12) where m: M1 > M, = P! is the coarse map. [ ]

Remark 7.9. In the special case T is empty, Hg is just Hom,,(C, mu) studied in
[HP19] for C = P! case regarding its motive in the Grothendieck ring of stacks
and [[BPS22]] for a general smooth projective curve C of any genus g regarding
its £-adic étale cohomology with Frobenius weights. The identification between
H?l and Rg is simply the fact that a semi-stable elliptic surface can equivalently

be described by a Weierstrass equation or by a classifying morphism C — /Vl,l
and in this case the stacky height is exactly n = 1—12 deg(j).

7.1. Geometric interpretation of Tate’s algorithm. By Tate’s algorithm, the
base profile y of the Weierstrass equation determines the unstable singular Ko-
daira fibers of the minimal resolution. On the other hand, by Theorem
for weighted projective stacks, this is equivalent to local twisting conditions T
which in turn determines the stabilizers of the stable stack-like model. The un-
stable singular fibers of the twisted model are then determined by the following
lemmas.

Lemma 7.10. Let h : £ — D be a semistable family of elliptic curves where D =
[Spec k[t]h/ ur] and ¢ : D — Mm is a twisted map with local condition (r,a).
Let p € &, be a smooth fixed point of the u, action on the central fiber £,. Then
the weights of the u, action on the tangent space T¢ ,, are (—1,—a).

Proof. Since D is strictly henselian, there is a section of S of h : £ — D passing
through p. Thus the tangent space Tg ,, splits as a direct sum of fiber and section
direction and each of these directions are eigenspaces for the u, action. The
section direction is canonically isomorphic to the tangent space Tp o of the base
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which is isomorphic to (m/m?)¥ where m is the maximal ideal of 0. Since ¢ is a
uniformizer, m/m? is rank 1 generated by t which transforms as t — {t, so the
dual has weight (—1). On the other hand, £ = p*O(1) is the fundamental line
bundle of the elliptic fibration and thus isomorphic to h,(Ns/¢)". Thus the fiber

LYo = Ngjelo=Te,

and so the weight of u, acting on T¢ , is minus the weight on L, which is
—da. |

Lemma 7.11. Let (h : £ — D, S) be a stable stack-like elliptic surface over D =
I:Spec k[t]Sh/ur] and let (g : Y — D,S;) be the coarse moduli space. Then the
central fiber g*(0) has multiplicity r.

Proof. Let 1 : £ —» Y and p : D — D be the coarse moduli maps. Then p is
ramified to order r at 0 so h*p*(0) = r&,. By commutativity of 7, p,h and g, we
have ¥g*(0) = r&,. On the other hand, u, acts faithfully on &,. In particular,
this action is generically fixed point free so 7 is generically étale along &, and
of degree 1. Thus 7,.&, = Y, so by push-pull, we have g*(0) = rY,. [ ]

Particularly, we remark that this gives a new interpretation of Tate’s algorithm
as: the vanishing condition y = (v(a4), v(ae)) of the minimal weighted linear
series = the local twisting condition I' = (r,a) of the twisted maps —
the unstable singular fibers of the twisted model = specified type of Kodaira
fiber by resolving singularities and contracting (—1)-curves. This is summarized
in the diagram below.

V=¢* ——

Weierstrass , ,contraction 3 resolution
X < X" < X > Y

f f! f
Cc C Cc

Here f is a Weierstrass model, 4 is the associated weighted linear series
viewed as a rational map to ﬂm, j is the j-invariant, ¢ is the universal tuning
stack which induces a stable stack-like model h : Y — C, g : Y — C is the
twisted model, f is a resolution of Y, and f’ is the relative minimal model
obtained by contracting relative (—1)-curves. Lemmas and determine
singular fibers of g and the singularities of ¥ which determine X and in turn the
Kodaira fiber of the minimal model f’. By Proposition the local twisting
conditions for ¢ depend only on the base multiplicity of the normalized linear

M|
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series. The extra data we need to determine the singular fiber is simply the
order of vanishing of the j map at j = oo as this determines the singularities of
Y. Combining these observations, we get.

Theorem 7.12 (Tate’s algorithm via twisted maps). The local twisting condi-
tion (r,a) and the order of vanishing of j at j = oo determine the Kodaira
fiber type of the relative minimal model, and (r,a) is in turn determined by m =
min{3v(ay), 2v(ae)}.

Remark 7.13. The fact that Tate’s algorithm can be phrased so that the Kodaira
fiber depends only on the normalized base multiplicity, that is, the minimum of
the normalized orders of vanishing of the Weierstrass equation was first ob-
served in [DD13]].

The output of this analysis is summarized in Theorem A key point is
that Theorem and Proposition [3.9] allows us to carry out this analysis for
any moduli spaces which are isomorphic to weighted projective stacks and thus
gives us a generalization of Tate’s algorithm for maps to weighted projective
stacks.

Example 7.14. Suppose that normalized base multiplicity m = 3. This occurs
if and only if (v(ay), v(ag)) = (1,> 2). Then r = 12/gcd(3,12) =4 and a =
3/ gcd(3,12) = 1. Thus the stabilizer of the twisted curve acts on the central
fiber of the twisted model via the character u, — U4, {4 — ¢ 4_1. In particular,
the central fiber E of ) has j = 1728. The u4 action on E has two fixed points,
and there is an orbit of size two with stabilizer u, C u4. Let Eq be the image
of E in the twisted model Y. By Lemma E appears with multiplicity 4
By Lemma Y has }‘(—1,—1) quotient singularities at the images of the
the fixed points and a %(—1,—1) singularity at the image of the orbit of size
two. Each of these singularities is resolved by a single blowup to obtain X with
central fiber 4E, + E; + E, + E5 where E; are the exceptional divisors of the
resolution for i = 1,2,3 and E? = E; = —4 with E5 = —2. Then £, is a (—1)-
curve so it needs to be contracted. After this contraction E, becomes a (—1)
curve and must also be contracted. Since E; for i = 1,2,3 are incident and
pairwise transverse after blowing down £, then the images of E; and E, must
be tangent after blowing down E;. Moreover, they are now (—2)-curves and so
we conclude that this is the relatively minimal model and that it is the type III
configuration in Kodaira’s classification. See [[AB17, Sec. 4] for more details on
these blowup computations.

Example 7.15. Suppose m = 6 which occurs in the cases (v(ay), v(ag)) =
(2,3),(= 3,3) or (2,> 4). Note these three cases are distinguished by their
j-invariant but are identical from the point of view of twisted maps. Then
(r,a) = (2,1) so we have a u, automorphism on the central fiber E C ). If
j # 00, E is smooth and the u, action has 4 fixed points, the 2-torsion points.
The image E, of E appears with multiplicity 2 in the central fiber of the twisted
model Y and Y has four %(—1,—1) singularities. Note these are simply A; sin-
gularities so they are resolved by a single blowup which extracts a (—2)-curve.
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This resolution is already relatively minimal and it is exactly a Kodaira Ij fiber.
If j = oo then E is nodal. There are two smooth fixed points as well as the
nodal point. At the nodal point ) has an A,,,_; singularity where 2n is the ram-
ification of ¢, or equivalently n is the order of vanishing j at oo. The quotient
of the A,,,_; singularity by the u, action is an A5 singularity if n =1 and a D,
singularity if n > 2. In either case, resolving these singularities yields a D, 4
configuration of (—2) curves, that is, an I’ fiber. See [[AB17, Lem. 4.2] for more
details about this resolution.

7.2. Identifying the universal families. In this section we promote the geo-
metric discussion of Tate’s algorithm via twisted maps in the previous section
(which we now think of as a bijection between Weierstrass elliptic surfaces of
height n with vanishing conditions u = (m,...,m,) and twisted elliptic sur-
faces of stable height d with twisting conditions I' = {(ry,a;), ..., (ry,a,)}) into
an identification of respective universal families.

More specifically, by Proposition [5.8] we have a canonical isomorphism

5 p:H, =R:
where u and T are in bijection via Lemma [5.6]and

n=d+z%.
i

By Corollary we have a universal family (f : X — CxRY,S,04,...,0,) of
Weierstrass elliptic surfaces of height n with section S and unstable fibers along
the marked points o; : Ry — C x Rl with normalized base multiplicity m;. On
the other hand, by Proposition there is a universal family of stable stack-
like elliptic surfaces (h : Y — C — HL,S,%4,..., ;) where %; are a family of
marked gerbes with twisting conditions I'. By taking coarse space we also have
a universal family of twisted surfaces (g : Y — C x 7—[5 - ’Hg, S0, 0;)-

Theorem 7.16. The isomorphism p is induced by a birational transformation of
universal families. More precisely, p*(f : X — C x Rh,S,0;) is the family of
Weierstrass models of (h : J) — C — H%, S, %;) and conversely (o 1)*(g: Y —
C x 7—[5 - HZ,SO,Gi) is the family of twisted models of (f : X — C x Rh —
RE,S,0)).

Proof. The proof follows the same strategy as the general wall-crossing theo-
rems of [[AB21] Inc20, ABIP23]] for moduli of elliptic surfaces. Namely both
twisted models and Weierstrass models are canonical models of the pair (X, S’+
> a;F;) for different coefficients a;. Here (X’ — C,S’) is a relatively minimal
elliptic surface and F; are the unstable fibers. Both H and R can then be identi-
fied as strata in the moduli space of log canonical models and p is the restriction
of a wall-crossing morphism which relates the moduli space for different values
of a;. The content of the theorem then is that the minimal model programs that
terminate in the Weierstrass model (resp. the twisted model) can be run on the
universal families. In order to avoid the technical details of moduli spaces of
canonical models, we sketch a direct proof here.
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First note that since our stacks are tame, the formation of the coarse moduli
space g : Y — C x 7—[5 - Hg commutes with base change and Y — 7—[5 is
flat. Moreover, for each i, we can consider the family P; = SNh™(%;). The
stabilizer u, of ¥; acts by an automorphism of the fiber as a pointed elliptic
curve and in particular fixes the section S. Thus P; — Hg is an étale u, -gerbe,
in fact isomorphic to %;, and the weight of the u, action on the tangent space
of the fibers of ) — ’Hg is fixed by Lemma as we fix the local twisting
condition (r;,a;). Thus the family of twisted surfaces Y — 7-[5 is equisingular
with singularity %(—1,—al~) along the coarse space P, = Sy N f~1(o;) C Y of
P, c ). By [Inczb, Prop. 5.9], we can take a partial fiberwise resolution u :
XY - Hg which resolves the singularities of the family ¥ — 7—[5 along P;
for each i.

Denote the corresponding family of elliptic fibrations by

(f : X > CcxHL - HL,S,6)).

By construction, the section $ passes through the smooth locus of f and the
formation of yu commutes with basechange. Now the Weierstrass model of f
can be computed as the relative Proj
X' = Projc.yr @f*(’);g(mﬁ) — CxHL.
m=>0

The cohomology H' (f_l(p), OX(mS“)’fA,l(p)) =0foreachp € C x 7—[5 andi>0
and so the formation of X’ commutes with base change. Thus we have produced
a family of Weierstrass models (f': X’ — C x H}, = H},S’,07) over H). More-
over, for each £ € %, the fiber (fg’ : Xé — C,Sé, (09)¢) is the Weierstrass model
of the fiber (h : Vr — C¢, Sr, (Z;)). By Tate’s algorithm via twisted maps (The-
orem [7.12)), this family of Weierstrass model has marked unstable fibers with
vanishing conditions y and thus induces the map p : ’Hg — RY such that

(f:X'->cC XHZ —>7'[F,S/,O'l/-):p*(f X > CxRE—RE,S,0;)

as required. The converse follows since p is an isomorphism by Proposition

5.8 ]

The upshot is that under the identification p : 7—[5 ~ RY the height mod-
uli space has two interpretations as the moduli space of elliptic surfaces with
specified Kodaira fibers and these two interpretations are equivalent by Tate’s
algorithm via twisted maps.

8. MOTIVES & POINT COUNTS OF HEIGHT MODULI OVER FINITE FIELDS

In this section, we compute the classes in the Grothendieck ring of stacks
of height moduli spaces of k(t)-points of Mu- These computations will be
used in the next section to obtain weighted and unweighted counts of minimal
elliptic surfaces over P!, and also counts of minimal elliptic surfaces over P!
with exactly one specified Kodaira fiber type.
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8.1. Point counts of algebraic stacks over finite fields. We review the ba-
sics on arithmetic of algebraic stacks over finite fields. Due to the presence of
automorphisms, point counts of an algebraic stack X’ are usually weighted.

Definition 8.1. The weighted point count of an algebraic stack X’ with finite
inertia over Iy is defined as a sum

1
F)= D |Aut(x)]”

x€X(Fy)/~

where X'(IF;)/ ~ is the set of F,—isomorphism classes of F,—points of X'.

In particular, the weighted point count #,(X) is not equal to the number
|X(Fy)/ ~ | of Fg—isomorphism classes. The main advantage of the weighted
point count is that it depends only on the cohomology of X" and is equal to the
usual point count of the coarse moduli space when it exists. On the other hand,
it is often interesting to also consider the unweighted count of isomorphism
classes. The following result of [[HP23]] shows that the unweighted point count
is also natural and depends on the arithmetic geometry of the inertia stack of
X.

Theorem 8.2 (Theorem 1.1. of [HP23]]). Let X be an algebraic stack over Fy
of finite type with quasi-separated finite type diagonal and let Z(X') be the inertia
stack of X. Then,

|X(Fy)/ ~ | =#,(Z(X))

8.2. Grothendieck ring of stacks. We review some properties of the Grothendieck
ring of stacks introduced in [[Eke25]].

Definition 8.3. [Eke25, §1] The Grothendieck ring of stacks K,(Stcky) is the
abelian group generated by classes {X'}; for each algebraic stack X* of finite
type over k with affine inertia modulo the relations

o {X} ={Z} +{X N\ Z}; for Z C X a closed substack,

o {&} ={X xi A"}, for £ a vector bundle of rank n on X.
Multiplication on K(Stck;) is induced by {X} {V} = {X x, V}. There is a
distinguished element L := {A'}, € K,(Stcky), called the Lefschetz motive. We
drop the subscript if k is clear.

We denote by K (Stck; ) the ring obtained by imposing only the cut-and-paste
relation but not the vector bundle relation and denote the class of a stack in this
ring by {X}.

The Grothendieck ring is universal with respect to additive invariants. When
k = Ty, the point counting measure {X'} — #,(X) is a well-defined ring ho-
momorphism #g : KO(Stck]Fq) — Q giving the weighted point count #,(X’) of X’
over Fy. When {X'} is a polynomial in IL, the weighted point count is polynomial
in q.

Recall that an algebraic group G is special in the sense of [[Ser58]] and [[Gro58]],
if every G-torsor is Zariski-locally trivial; for example G,, GL4, SL; are special
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and PGL,, PGL; are non-special. If ¥ — ) is a G-torsor and G is special, then
we have {X'} = {G} - {)} ([Eke25| Prop. 1.1 iii)]).

Finally, we can use the following result to access unweighted point counts.

Proposition 8.4. [dFLNUO7, Prop. 5.3] The association X — ZX extends to a
unique ring homomorphism

T : Kj(Stcky) — K (Steky)
which we call the inertia operator.

Note that Z does not descend to a well defined operator on K,(Stck). For
example, by [[Eke25|, Prop. 1.1 iii)],

{P(2,2)} = {[A*~{(0,0)}/G,, ]} = {P"}
but {ZP(2,2)} = 2{P(2,2)} # {IP'}.
8.3. The motivic height zeta function of a weighted projective stack. In this

section we define and compute the motivic height zeta function for P(A, ..., Ay)
for the function field K = k(P').

Definition 8.5. The motivic height zeta function of P(A,, ..., Ay) is the formal
power series

Z3 () =D Wi} " € Ko(Stek)[ ¢ ]

n>0

where W,Ti" is the space of minimal weighted linear series on P! of height n.
We let Z % (t) € Ky(Steky )[ t] denote the same generating series over K, (Stcky).

We also define the variant

17;(t) ==Y {TWmn} e € Ky(Steky)[t]

n>0

and IZ% (t) € Kj(Steky )[ ] the same generating series over K, (Stcky).

We also denote by

_ emlyre 1
2(0)= D {Sym* P}t = A—Lo(—0)

the usual motivic zeta function of P*.
Lemma 8.6. The following equalities of formal power series hold over K(’)(Stckk).

N /
©) > {P(@ v,ff)} " = 24(0) - Z(1)
i=0

n>0

N /
) Z {IP (16:% ij)} th = ZZ%(t) -Z(t)

n>0
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Proof. We can stratify each of the terms on the left hand side by the minimality
defect as in Corollary[6.2|to obtain an equality

N / n
{7’ (GB Vn"f)} = > vy {syme By
i=0 e=0
which implies the first equality by expanding the product. The second equality

follows by applying Z to both sides and using Proposition 8.4 [ ]

Next we compute the image of the left hand side of Equation (6) in K,(Stcky).
Let |A| = D_ A; denote the sum of the weights.

Lemma 8.7.

Z {P (GNB V,f‘)} th = (PN} + LN+1{plA-N-2};
i=0

n>0 (1—6)(1—LA)

N
Proof. Note that @Ii\’:O ani has dimension »(nA; + 1) = n|A| + N + 1 thus by

i=0
_ ]Ln\i|+N+1_1

[Eke25| Prop. 1.1 iii)], we have {73 (@?]:O VnAi)} = =——7— and this implies

Ln|7L|+N+1 1

Z - tn — EN_-FTL Z(Llil t)n _ ﬁ Z tn

n>0 n>0 n>0
]LN+1 1
T L-Da-LF) @C-D(1-1)
1 LN+1_1+(L|Z|_LN+1)1.
L—l( (1—0)(1-LA) )
B {IP;N}_i_]LN-H{Ple—N—Z}t
(-0 —LMl)

since IZI >N+1.

To compute the left hand side of Equation (7)), we need some notation Fol-
lowing [[HP23| Sec. 3]. Let ju; denote the Gal(k**? /k) orbits of roots of unity in
k*¢P and for any g € ju; let k(g)/k be the field extension obtained by adjoining
those roots of unity. For each element g we have a well defined order ord(g)
since the Galois action preserves the order of the root of unity. For any g € ju,
let I, € {0,...,N} denote the largest subset of indices such that ord(g) divides
ged{A;}ic 1, and we let Xg = (Ai)ielg be the weights corresponding to I,. We let

N, = #I,—1. Finally, we let u (k) be the roots of unity in k, i.e. the elements
g € Jug such that k(g) = k.
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Lemma 8.8.
N N Ng+1 Ay |—Ng—2
P LY H{P
> {IP (@V})} > (PTe) L7 = Ity DT Q)
n>0 =0 8€Uoo (k) (1—0)(1—-L"<t) §E Uk Moo (k)

where the Q,(t) are power series in K(Stck;) whose coefficients have no k-points.

Proof. By [HP23, Prop. 3.5], we have

S (@)} - 3 5o (@)} <

n>0 g€ n>0 iel

Note that for any stack X'/k and finite extension k’/k, X}, has no k-point and
so the terms where k(g) # k satisfy the condition on Q(t). For those g such

that k(g) = k, note then we have dim VHA" = > (nA+1)= n|7fg| + N, +1

i€l iel,
and so by Lemma|8.7]
N
S (@)= T i (@w |ie
n=>0 =0 g€ Uy 20 i€l

]Lnl)l [+Ng+1 -1

= 22U 2 &

§€Hoo (k) 120 ZE UK Moo (k)

{PNg} + LNg+1{P|fg|—Ng—2}t
= = + DL Q)
g€oo (k) (1—0)(1—L"<t) SE Ui oo (k)
|

Theorem 8.9. The motivic height zeta functions Z3(t) and ZZ5(t) are given by
the following formulas in Ky(Stcky):

(@)
()= LTI (N L N plil-N—2
Z;(t) 1_mt({1@}+m P bt)
(®)
1Z;(0= Y 1_—];'(@ GHLNEE N2 ) ST R
g€ (k) L — I8t ZE Mk Moo ()

where R, (t) are power series whose coefficients have no k-points.

Remark 8.10. (1) Note that the sum is finite as I ¢ is empty for all but
finitely many g.
(2) We expect that R,(t) is still a rational function in K (Stck;) though this
is not clear.
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Proof. This follows by combining Lemma [8.6| with the computations in Lemmas

and and the explicit formula Z(t) = m.
|

8.4. Motives and point counts of Poly-spaces over finite fields. The Poly-
space is a variety of independent interest which is used throughout the subse-
quent proofs. We begin with Poly(ld1 """ d’“), a slight generalization of [FW16, Def.

1.1].

of tuples (f3,..., f;;) of monic polynomials in K[z] so that

(1) degf; =d; for each i, and _
2 fi,-.-,fm have no common roots in K.

Note that Polyld1 """ 4n) sits inside an affine space parameterizing tuples of
monic coprime polynomials. It is the complement of the resultant hypersurface
and so can be endowed with the structure of affine variety defined over Z.

The motive of the Poly-space Polyldl’dZ) over k is given by the following.

Proposition 8.12. Fix d,,d, = 0.

popdvdn) _ [LATE —LATETifdy dy >0,
{ oly; }— dy+d, o _
L de]_—oordz—o.

Proof. We refer the reader to [HP19, Prop. 18] for the details of the proof. The
proof in (loc.cit.) is analogous to the proof of [FW16, Thm. 1.2]. Here we
point out that the motive formula {Poly(ldl’dZ)} not only holds in char(k) = 0
(c.f. the corrigendum [FW19]) but also holds in any char(k) = p due to the
critical correction from [[PS21], Prop. 3.1] utilizing the Euclidean algorithm. For

the more general result on {Poly&d1 """ d’”)} with more tuples of polynomials, we

refer the reader to [[HP23| Prop. 4.4]. [ ]

We now consider Poly-spaces of polynomials with a common zero of specified
vanishing orders.

Definition 8.13. Fix a,b € Z, and d;,d, > 0. Define Polygilflf)) as the space
parameterizing monic polynomials (fi, f,) in k[2] of degrees (d;,d,) such that

(1) 0 is the only common root of f; and f, over k,
(2) At 0, f; vanishes to order at least a and f, has exact order of vanishing
b.

We have analogously defined Poly-spaces Poly(dl’dZ)

(a,>b)

(di1,d>)

and Poly(a b -
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Proposition 8.14. Fixa,b €Z, and0 < d; < d,. Seta =d,—aand 3 = d,—b.

The motive of the Poly-space Polygilédg)) over k is given by
L-1)-5E fo<p<a,
(d1,d2)) _ (dp,d)) _ arp oy a1
{POIY(zla,lj)} = {POIY(b?z;)} ={(@L-1)-—5—, fo<a<p,
L%, ifp=0
(dlrdZ)

The motive of the Poly-space Poly (i.e. the space of monic polynomials (fi, f5)

(a,b)
in K[2] of degrees (d;, d,) having exact order of vanishing (a, b) at 0) over k is

given by

{Poly(glyy} = {poty ™7} = {poly iy, )} = {Poly Ly )

Proof. We prove the result by induction on min(a, ). If 0 = < a, we have
Polygilédjj) is the space of polynomials (z?g(z),z%) with g(z) monic; this space
is isomorphic to A%, so has motive L*. Similarly, if 0 = a < f, then Polygd;éfzb))

is the space of polynomials of the form (z%1,z%g(2)), where g(z) is monic of

degree d, — b and g(0) # 0, i.e., the constant term of g is non-zero. Thus,
Polygilé‘jz;) ~ G,, x AP~ which has motive (L — 1)LA~1.
We may now assume a and f3 are positive. Notice that via the map (f7, f5) —

(2%f1,2°f,), the space Poly(ldl_a’dz_b) may be identified with the locally closed

(dq,d2) (di,dy)
ab) Y PO 2pi1y
weighted projective stack. Therefore

{Pobfé2) = {pony =4} ot |

subscheme Poly the union is taking place in the ambient

If d, —b = 1 then we apply Proposition to the first term and the a = 0 case

above to the second term (note the roles of d, and d; have switched).
(da,d1)

Otherwise, we apply the same relation to Poly(Z b1,a) 1O obtain
(dy,d)) _ (dy—a,dy—b) dy—b—1,dy—a (dy,dy)
{Poty S} = {Polyy™ ™} — {poty 4 b {poly & 1) }-

Then min{a, 8} has dropped by 1 for the last term and the result follows by
induction and Proposition 8.12

The motive of the Poly-space Poly(dl’dZ)

(@b) is immediate from the definitions. H

8.5. Motives of height moduli with a fixed Kodaira type. Following Proposi-
tion[6.7], we consider the case | =1 (i.e. there is exactly one additive reduction
fiber of specified Kodaira type and the rest of the bad reduction fibers are strictly
multiplicative). We now compute a formula for W:: p1 (P(4,6)) for each Kodaira

type v : (v(ay4), v(ae)) as prescribed in Theorem
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More generally, we consider W::Pl(P(AO,Al)) =: W! where y = (a, b),(>
a,b), or (a,> b) is a single vanishing condition.

Proposition 8.15. The class of W) = W:: p1 (Ao, A) for the vanishing condition
Y is

Aon—1 Ain—1
wry = {IP’l}-{Gm}-({Poly(f‘)””lln)} + Z {Poly(yk’kln)} + Z {Polyg,’lon’l)}>

k=a I=b

Proof. Recall first that by Propositionwe have {W!'} = {P'}- {W!(0)}. So it
suffices to compute {W!(0)} which leads us to the stratification into Poly-spaces
adopted from the proof of Theorem 1 in [[HP19, §4.1].

Consider T € H(Op1(Ayn)) ® HO(Op1(A;n)) \ {0} a G,,-equivariant open
subset parameterizing pairs (U, V) with exactly one common zero at 0 = [1 :
0] € P! and with specified vanishing condition y, where G,, acts via t (U, V) =
(t*U, t*V). Since y consists of a single tuple, in the notation from Definition

, we have S, is the trivial group. Then by Theorem , we have Wg c=

Rz’c. Using the moduli interpretation for Rz,c given after Definition we
see WI(0)=[T/G,,].

Now fix a chart A' < P! with x — [1:x],and call0=[1:0]and co =[0:
1]. It comes from a homogeneous chart of P! by [Y : X] with x := X /Y away
from oo. Then for any (U,V) € T, U and V are homogeneous polynomials in X
and Y with degrees Ayn and A;n respectively. By plugging in Y = 1, we obtain
representations of u(x) and v(x) as polynomials in x with degrees at most Ayn
and A;n, respectively. For instance, degu < Agn as a polynomial in x if and
only if U(X,Y) is divisible by Y*"k i e. vanishes at co. From now on, deg P
means the degree of P as a polynomial in x. We will say (u,v) € T ifu = U(x,1)
andv=V(x,1) for (U,V)eT.

Denoting degu := k and degv := [, then one of k = Agn or I = Ain
if (U,V) € T (as they do not simultaneously vanish at co) and u,v have a
unique common root at 0 with specified vanishing condition y. Since there are
many possible degrees for a pair (u,v) € T, consider the locally closed subsets
Ty :={(u,v) € T : degu = k, degv = l}. Notice that Ty_; 3 , C Tk,lln as for
any (u,v) € Ty_13,n, U(X,Y) has a description as Y on=k+1y/(X | Y) which is
Ur1:01(X, Y) for a pencil polynomials Uy, ., 1(X,Y) = yronk (¢, Y—t,X)U'(X,Y)
where (Upy.¢,1, V) € Ty 5,n- Hence, we obtain the following stratification:

Aon—1 An—1
T =T, a0t ( |_| Tk,lln) U ( Tlon,l>
k=a I=b
)
=
2
=

T= Tkon,lln 2 T)Lon—l,lln 2

T = Tkon,lln 2 TAOn,Aln—l 2

Tyon—tc,pn N Tignan1 =@ Vk,1>0
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Then,
Agn—1 Ain—1

® (T} =A{Tomand + 2. Teand+ D, {Tagni}
k=a I=b

Lastly, note that for each term T, 4 in the above sum, we have amap T, g — an
which takes (u, v) to its leading coefficients. This map is Gi-equivariant for the
natural scaling action on (u, v) and the fiber over (1, 1) is exactly Poly(yo‘”3 ). Thus
taking G,,-quotients and applying [Eke25, Prop. 1.1 iii)] yields the result. W

9. ENUMERATIONS OF ELLIPTIC CURVES OVER RATIONAL FUNCTION FIELDS

In this section we put together the results of the previous sections to compute
the motives of various height moduli of elliptic curves over the function field of
IP}( and in particular prove the explicit enumerations in Theorems &

9.1. Motives of height moduli spaces and associated inertia stacks. We

keep notation as in Section [8.3| By extracting the coefficients of the generating

series in Theorem we obtain the following exact formulas for the classes of
min min

W and ZWHT.

Theorem 9.1. The classes {Wffin} are given by the following formulas:
v} = )
{W{nin} — {]P)N}(lel _ L) + LN+1{]P>|Z|—N—2}
{W;nzlg} — L(n—2)|A|+N+2(]L|7L|—1 _ 1)(L|7L|—N—1 {]P)N} + {]P;lll—N—Z})

Proof. For n =0 its clear. For n = 1, the coefficient of t in the generating series
is

LN} — L{PV} + LN+ (PN -2) = (V)L — L) + LN+ {pAN-2),
Finally, for n > 2 the coefficient of t" is
{W,‘FZ‘E} _ an {PN} + L(n—l)lil(LN+1 {P|Z|—N—2} . L{PN 1) — L(n—2)|Z|LN+2{P|?\|—N—2}
_ L(n—2)|i| (]Lzm {PN} + L|?\|(LN+1 {P|Z|—N—z} i ]L{PN}) i LN+2{P|Z|—N—2})
_ L(n—2)|71| ((Lzm _ L|?\|+1){PN} n (]L|7L|+N+1 _ ]LN+2){]P,|?\|—N—2})
— LoD A1y A1 pNy 4 N2 pldi-N-21)
_ L(n—z)|i|+N+z(L|i|—1 _ 1)(L|71|—N—1{PN} n {P|i|—N—z})

Theorem 9.2. The motive of {IW;nin} is given by the following:
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{zwmin}= ST P+ > Ry

8€Hhoo (k) €Uk Moo (k)
{Tyymin} = Z {PNg}(]Llfgl_L)+LNg+1{P|Xg|—Ng—2}+ Z Ry,
8€Hoo (k) ZE Mk Moo (k)

{IW,‘;;‘;} _ Z L(n—2)|7['g|+Ng+z(L|ig|—1 B 1)(L|fg|—Ng—1{PNg} + {P|fg|—Ng—z})
8€hoo (k)
+ Z R
gele\Uoo(k)

where R, , is the coefficient of t" in Ry(t) (see Theorem 8.9(b)) and in particular
R, ,, is the motive of a stack with no k-points.

g,n

&:n

Proof. The computations follow by applying the previous theorem to each term
in the sum over g € ju; in Theorem [ ]

Remark 9.3. Note that for each g € po(k), the corresponding term in the for-
mula for ZW™" is simply {Wr’lm”((ki)ielg)}, the motive of the moduli of mini-
mal linear series of height n on the weighted projective substack P((Ai)ielg) C
PAg,.--r An)-

9.2. Proof of Theorems We now apply Proposition to compute the
motives for each Kodaira type.

As an example, we first compute the motive for additive reduction of type
IT at j = 0 with the vanishing condition y = (> 1,1). The first equality below
follows from Proposition [8.15/and the second equality from Proposition |8.14

4n—1 6n—1
WEL(4,6)) = (P1} - (G} - ({Polyg’i’ﬁ?} + 2, oy} 2 {P"lygi’,ll))})
k=1

=1

Llon—2 4 j2n-1 4n—1 pk+én—2 | 1 —k+6n—1
=(]L2—1)-[(1L—1)(—+ + > L-1) ha + LA
k=1

(L+1) (L+1)
4n [+4n—2 —I+4n 6n—1 1+4n—2 I—4n—1
2 ) _ L —L _ L +L
He=D [;GL 1)( L+1) )+,=4Zn+l(L 1)( L+1) )]

In fact the same computation yields the following. Suppose A; > A, and let
y =(a,b),(= a, b) or (a,= b) be a vanishing condition.

Proposition 9.4. Suppose A;n—b > Agn—a, e.g. if n > 0. Then
{W,(lza’b)(ko, A} = {W,Sa’zb)(loy A1)} = (L*— 1)LGotA)n—a=b
{W(a’b)(lo Al)} — (]LZ _ 1) (L(A0+Al)n—a—b _ L(A0+Al)n—a—b—1)

n b
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Proof. The first formula follows as in the case above using Propositions and
8.15]

For the second formula, by Proposition and the second part of Proposi-
tion [8.14} we have

Aon—1 Ain—1
Agnd %) Aon,l
{nga,b)}:{]pl}.{((;m}.({polygafb”) 1")}~+ Z {Polyﬁa,b;”)% {POIYEa?l?) )})
k=a

l
{Poly(llon—a,l—b) })

Il
| <

Agn—1 An—1
=(L%2-1) ({Poly(l%"’kln)} + Z {Polygk_a’lln_b)} +
k=a

_ Wr(12a+1,b) _ Wr(la,2b+1)

I=b

The sum of Poly-spaces telescopes to L otA1)n—a=b o [ (Ao+A)n—a=b=1 " The
: - >a+1,b =b+1
result now follows by applying the first part to Wr(l a+1.b) and W,(la ),
|

The rest of the cases with different y now follow by applying the proposition.
This completes the Proof of Theorems|1.8

9.3. Enumerating elliptic curves over I (t) ordered by height of discrimi-
nant. Let A be the discriminant of a minimal elliptic fibration. Then the height
of the discriminant over F is ht(A) := qie82 = ¢'2" where n is Faltings heignt
which by Proposition agrees with the stacky height.

We first determine the sharp enumerations for the number of minimal elliptic
fibrations over IE”]llT with a specified additive reduction of Kodaira type © type
q

and the rest of the bad reductions are at worst multiplicative.

Theorem 9.5. Let n € Z,. and char(F,) # 2,3. The function N(Fy(t), ©, B),
which counts the number of minimal elliptic curves over IP]} having a single speci-

fied additive reduction of Kodaira type © and at worst multiplicative reduction oth-
erwise, ordered by the multiplicative height of the discriminant ht(A) = q*?" < B,
satisfies:

2

i qg-—1
N(F,(t), 1T with j =0, B) = 2q10_1 .¢®-(B%6—1)
2
S qg-—1
N(Fy(t), I with j = 1728, B) = 2q10_1 -q7 - (B%/5—1)
-1
N(F,(t), IVwith j =0, B) = 2q10_1 .q®-(B%°—1)

2
—1
N(Fy(t), T w. j#0,1728 or Il w. j = 00, B)=2(;110_1 (@ —q"- (B0 —1)

2
-1
N(F,(t), T; with j = 0,1728, B) = 2(;110_1 ¢t (BS/6—1)
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2

sy _,9—-1 4 5/6
N(Fy(t), IV* with j =0, B)_quo_l -q -(B/ —-1)

2
Sy 2 —1 5/6
N(F,(t), II* with j = 1728, B)—2q10_1 -q?- (B -1)

2
cq . qg-—1
N(F,(t), II* with j =0, B) = 2ql_1 .q-(B6—1)

0_

Proof of Theorems[1.1] We acquire the exact weighted point counts #q (W,’{ )
over F, from the motive formulas {(WI'} by #q4 : L — q. The exact number
Wi (Fq)/ ~ | of Fy—isomorphism classes of F,—points of the moduli stack Wi
over F, with char(F,) # 2,3 is N4 (F)/ ~|=2-#, (Wﬁ: ) where the factor of
2 comes from the hyperelliptic involution i.e., the generic ugq(4 6) Stabilizer. By
Theorem|[7.16|and Proposition 5.8} this is the count of elliptic surfaces of height
n over IP’]} with the additive reduction controlled by vanishing conditions y cor-

respondircllg to the given Kodaira fiber type ©.
[lolggBJ llolggBJ
NE (1), 8, B)= D [WIE)/ ~|= D 2-#,(W)
n=1 n=1

For y = (= a, b) or (a,= b), we have by Proposition

m m 9
—a— =1 10ab, 10m
% :(qZ_l) qlon a—b _ q a (q _1).
; q ( n) HZE qu —
Similarly, for y = (a, b), we have
m m q2 1

Z #q (W}{) = (q2_1) Z q10n—a—b_q10n—a—b—1 = pr (q_l)qlo—a—b—l (qlom—l).
n=1 n=1

. log,B
Since m = [ fg J, we have the that q'0™

—1 grows as B%/® 1.

Remark 9.6. Note that in each of the above cases, the elliptic curves over F (t)
are non-isotrivial and so the automorphism group is p,. Thus the weighted
count A" is simply %N . Moreover, ht(A) is necessarily positive.

Finally, we determine the sharp enumeration for the number of minimal el-
liptic fibrations over IP’llF . This is achieved by considering the totality of rational

q
points on M, ; over Fy(t) via Theorems & In order to keep track of
the primitive roots of unity contained in Iy, we define the following auxillary
function.

1 if x divides q—1,
0 otherwise.

o(x):= {
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Theorem 9.7. Let n € Zx and char(F,) > 3. The counting function N'(F(t), B)

(resp. N'(F,(t), B)), which gives the weighted count (resp. unweighted count) of

the number of minimal elliptic curves over IF’IlF ordered by the multiplicative height
q

of the discriminant ht(A) = q'?" < B, is given by the following.

¢’ —1
NY(F,(t), B) = (—8 )35/6—31/6
q®—q’

9
N(F,(t), B)=2 (u)BS/s opl/6

q8_q7

3
+5(6)- 4(‘15—)31/Z+5(4) 2(613_)31/3
4> —q* ¢3—¢q?
+6(6)-4+06(4)-2

Proof. We subtract the rational points landing on P(2) since we do not want
to count the generically singular j = oo isotrivial elliptic curves. Note that
6(2) =1 as q — 1 is always even for any odd prime power q. We have

loqu loqu
12 12

NY(E(6),B)= Y. #,WM0(4,6)— D #,0Mn(2).
n=0 n=0

n,P!

Each of these sums can be computed via Theorem [9.1}

[loquJ
Z #,0M0(4,6) = qg__q17 Ao _;89_(11 BS/6+1

llaquJ
12 loqu

Z #Wﬁnﬁ(Z)— 2[TJ+1:B“6+1.

Similarly, for the unweighted count, we wish to compute

lloquJ {loquJ
12 12
N(F(),B)= > #IWM(4,6)— > #,IWM(2).
n=0 n=0
The latter term is simply 2 times the weighted count since the automorphism
group of any point of P(2) = Bu, is t,. Thus it sums to 2BY/6 + 2.

For the first term, we use Theorems[9.1]and [9.2] to see that
# DW= VML)
8E€Moo (k)
= 24, Wy p1(4,6) + 6(6) - 4, Wy 1 (6) + 5(4) - 2, Wy 1 (4).
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Summing over all n reduces to the following computations using Theorem

]

9
—1
Z # W, (4, 6)——q .B5/6 41

V"g"BJ

Z # Wnﬂn(6)——q B2 41
V"g‘*J
Z # Wy (4) = g B3 41

from which the result follows.
|

Remark 9.8. The lower order main term of order BY/® present in both the
weighted and unweighted counts comes from subtracting the u, twist fami-
lies of generically singular j = 0o isotrivial elliptic curves. And the lower order
main terms of order BY/2 and BY/3 in the unweighted count N (Fq4(t), B) come
from counting the ug and 4 twist families of isotrivial elliptic curves having
strictly additive bad reductions with extra automorphisms concentrated at the
special j-invariants j = 0,1728.
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