100% of elliptic curves with a marked point have positive rank
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Abstract

As a consequence of their work on average Selmer ranks of elliptic curves with marked points [BH22,
§10], Bhargava and Ho prove that 100% of elliptic curves over Q with an additional marked point have
positive rank. In this note we provide an alternate proof which extends the result to arbitrary global
fields.

Let M2 denote the moduli space of genus one curves with two marked points. Let K be a global
field of characteristic not equal to 2 or 3. Over K the space M > can be identified with an open substack
of the weighted projective stack P(2,3,4) (see, e.g., [Inc22, §2]). We define a height function on M; 5 by
defining a height on P(2, 3,4).

Let Val(K') denote the set of places of K, and let Valp(K) (resp. Valy(K)) denote the set of finite
places (resp. infinite places) of K. For each finite place v € Valy(K) let m, be a uniformizer. For
r = (20,71, 72) € K3 —{(0,0,0)} define

ot | max \WU‘QL,U(:CO)/QJ, |70 ZL)U(Il)/?’J’ £ QLJU($2)/4J} if v € Valy(K),

2l2,34)0 =
@340 = |a:0\i/2,|x1|i/3,\mzli/4} if v € Valoo(K).

(1)

Then the height of a point x = [zg : 21 : x2] € P(2,3,4)(K) is defined to be

def
Ht(g34)(7) = H |(z0, 21, 22) | w,o- (2)
veVal(K)

Theorem 1. Let K be a global field of characteristic not equal to 2 or 3. When ordered by height, 100%
of elliptic curves defined over K with an additional marked point have positive rank.

Proof. It follows from [Phi24, Theorem 4.1.1] and [Dar21, Theorem 8.3.2.2] (see also [Phi25, Theorem
4.05]) that for any open substack X C P(2,3,4) we have the asymptotic

#{zr € X(K) : Hto3.4)(x) < B} ~ #{x € P(2,3,4)(K) : Ht(a34) () < B}. (3)

Let Y1(N) be the modular curve parameterizing pairs (E, P), where E is an elliptic curve and P is a point
of order N. View YV;(N) as a substack of M 2. Let Virs denote the union of all modular curves Y (V)
with Y1 (N)(K) # 0. By uniform bounds for torsion of elliptic curves [Lev68, Mer96], Viors will be a finite
union, and thus a closed substack of M 2. Applying equation (3) with X = M and X = M2 — Viors
proves the theorem. O
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