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Rational points on projective varieties over Q

Figure 1: Rational points on the unit circle x2 + y2 = 1 over Q



1. Geometry is enlightening and quadratic formula is awesome

(x , y) =

(
t2 − 1

t2 + 1
,

2t

t2 + 1

)
∈ Q2

we parametrized all rational points on the unit circle over Q

2. Integral points on the projective conic

C := V (X 2 + Y 2 − Z 2) ⊂ P2

are precisely the Pythagorean triples:

[X : Y : Z ] = [a2 − b2 : 2ab : a2 + b2] ∈ Z3

3. Height measures arithmetic complexity: for gcd(a, b) = 1,

ht
(a
b

)
= max(|a|, |b|)

ht(4/10) = 5 and
ht(1000000001/1000000000) = 1000000001 ̸= 1



1. Parametrization needs a starting rational point. For instance,
the conic x2 + y2 = 3 has no rational point: X (Q) = ∅.

2. Higher degree curves are “Fermat’s Last Theorem”. For
x4 + y4 = 1 (a genus-3 curve), one has by Wiles-Taylor

X (Q) = {(±1, 0), (0,±1)}

More generally, by the Mordell–Faltings theorem, if X/Q is a
smooth projective curve of genus ≥ 2, then X (Q) is finite.

3. For an elliptic curve over Q in Weierstrass form

E : y2 = x3 + Ax + B,

there is still no general algorithm that, given A,B ∈ Q, always
determines the full set E (Q) explicitly.



Degree of countable infinity, the rank

(1) (Mordell–Weil) For an elliptic curve E/Q, the group of
rational points is finitely generated:

E (Q) ∼= Z r ⊕ E (Q)tors,

where r ≥ 0 is the Mordell–Weil rank and E (Q)tors is finite.

(2) Fundamental questions about r :
▶ An algorithm that is guaranteed to correctly compute r?

▶ Which values of r can occur? How often do they occur?

▶ Is there an upper limit? Can r be arbitrarily large?

(3) Records: the current best explicit examples with largest rank
is Elkies–Klagsbrun (announced 2024) produced an E/Q with
rank at least 29 (the previous unconditional record was ≥ 28
from Elkies, 2006).





Fix a height ht(E ) e.g. naive height for a minimal Weierstrass
model E : y2 = x3 + Ax + B with no p4|A and p6|B:

ht(E ) := max{ 4|A|3, 27|B|2 }

E(≤ X ) := {E/Q up to Q-isomorphism : ht(E ) ≤ X }

Goldfeld–Katz–Sarnak philosophy

As X → ∞, ranks 0 and 1 should each account for one half of the
family, while curves of rank at least 2 should have density 0.

To average rank, first count N (Q,X ) = |E(≤ X )|



Elliptic surfaces as families of elliptic curves

The study of fibrations of curves lies at the heart of the
Enriques–Kodaira classification of algebraic surfaces.

Let k be a perfect field, K = k(t), and C = P1
k . An elliptic curve

E/K extends, uniquely up to isomorphism, to a relatively-minimal
elliptic surface

f : X −→ C

with zero section O : C → X , where X is a smooth projective
surface, f is proper and flat, and

(Xη,Oη) ∼= (E ,OE ).

Relative-minimality means that no fibre contains a (−1)-curve.



God Bless Universal Family!

Fix a field k. A family of stable elliptic curves with a section
over P1

k is equivalent to a morphism φ : P1 −→ M1,1.

X

f
��

ν // Y := φ∗(E1,1) //

g

��

E1,1

p

��

P1 P1 φ
//M1,1

Here p : E1,1 → M1,1 is the universal stable elliptic curve,
g : Y → P1 is the pulled-back stable family, and ν : X → Y is the
relatively-minimal resolution (Ak singularity to Ik+1 fiber).

Equivalently, writing M1,1 ≃ P(4, 6), a morphism φ is given by

φ = (a4(u, v), a6(u, v)), deg(a4) = 4n, deg(a6) = 6n,

with Res(a4, a6) ̸= 0 (so a4, a6 do not vanish simultaneously).



Faltings height controls the surface

Let L = f∗ωX/P1 be the fundamental line bundle. Then

n = ht(E ) = deg(L) = χ(OX ), deg∆min(E ) = 12n.

height surface dimension of the moduli

n = 1 rational elliptic surface 8
n = 2 elliptic K3 surface 18
n ≥ 3 properly elliptic surface 10n − 2

1. n = 1 (rational elliptic surface). Then X is rational and
κ(X ) = −∞. Generically, ∆ has 12 simple zeros, i.e. 12 nodal
fibres (type I1). One construction: take a pencil of plane
cubics in P2 and blow up its 9 base points.

2. n = 2 (elliptic K3 surface). Then X is a projective K3
surface with an elliptic fibration, hence κ(X ) = 0. Generically,
∆ has 24 simple zeros, i.e. 24 nodal fibres; moduli dim = 18.



Isotrivial rational elliptic surface of height n = 1



Twisted sources restore the missing fibre data

The regular coarse map j : P1 −→ M1,1
∼= P1 forgets

γx =
(
νx(a4), νx(a6)

)
The classifying map extends uniquely after making the source
stacky:

C M1,1

P1

φ

π

At its stacky points, record Γ =
(
(r1, a1), . . . , (rs , as)

)
, where µri

acts on the Hodge line by the character ai .

The stabilizers restore the fibre data discarded by coarse j .



Tate’s algorithm via twisted morphisms

Assume char(k) ̸= 2, 3 and put

m = min{3ν(a4), 2ν(a6)}

Then the local twisting data is

(r , a) =

(
12

gcd(m, 12)
,

m

gcd(m, 12)

)
.

(
ν(a4), ν(a6)

)
= (1,≥ 2) ⇐⇒ (r , a) = (4, 1) ⇐⇒ type III

vanishing data ⇐⇒ twisting data ⇐⇒ singular fibre

Stacky height is a fine moduli data carrying its fibre invariants.



Vanishing γ ⇔ Reduction type Θ ⇔ Twisting Γ

Theorem (Bejleri–Park–Satriano; April 2024)

If char(K ) ̸= 2, 3. Then the twisting condition (r , a) and the order
of vanishing of j at j = ∞ determine the Kodaira fiber type, and
(r , a) is in turn determined by m = min{3ν(a4), 2ν(a6)}.

γ : (ν(a4), ν(a6)) Reduction type with j ∈ M1,1 Γ : (r , a)

(≥ 1, 1) II with j = 0 (6, 1)

(1,≥ 2) III with j = 1728 (4, 1)

(≥ 2, 2) IV with j = 0 (3, 1)

(2, 3) I∗k>0 with j = ∞ (2, 1)

I∗0 with j ̸= 0, 1728

(≥ 3, 3) I∗0 with j = 0 (2, 1)

(2,≥ 4) I∗0 with j = 1728 (2, 1)

(≥ 3, 4) IV∗ with j = 0 (3, 2)

(3,≥ 5) III∗ with j = 1728 (4, 3)

(≥ 4, 5) II∗ with j = 0 (6, 5)



Stacky height splits into global and local pieces

For the twisted extension (root stack) φ : C → X ,

htL(P) = d︸︷︷︸
stable height

+
s∑

i=1

ai
ri︸ ︷︷ ︸

local contributions

Height moduli theorem - Bejleri-Park-Satriano

For fixed n, there is a separated finite-type Deligne–Mumford stack

Mn,C (X ,L)

whose k-points are the K = k(C ) points of stacky height n. It is
stratified by the possible twisting data Γ.



Are Mordell–Weil ranks over C(t) unbounded?
For a Jacobian elliptic surface of height n ≥ 1, Shioda–Tate and the
Lefschetz bound give

rkES(C(t)) ≤ ρ(S)− 2 ≤ 10n − 2.

It remains open whether there is a bound independent of n.

Classical high-rank examples

construction height rank singular fibres

Shioda: y2 = x3 + t360 + 1 60 68 type II, isotrivial with
j = 0

Shioda–Stiller: y2 = x3 + x +
t1260

210 56 2520 fibres of type I1,
non-isotrivial

Q C(t) Fq(t)
open open unbounded for every fixed q

Tate–Shafarevich: isotrivial examples in odd characteristic. Ulmer: non-isotrivial

examples in every positive characteristic.



Precise proportions of E/K motivated by NT

Theorem (Generic Torsion Freeness; Phillips)

The set of torsion-free elliptic curves over global function fields has
density 1. i.e., ‘Most elliptic curves over K are torsion free’.

Theorem (Boundedness; Tate-Shafarevich & Ulmer)

The ranks of non-constant elliptic curves over Fq(t) are
unbounded (in both the isotrivial and the non-isotrivial cases).



Ulmer’s non-isotrivial elliptic curve of infinite rank

1. Start with y2 + xy = x3 − td , then complete the square via
y = y ′ − x

2 and then complete the cubic via x = x ′ − 1
12 . We

need char(k) ̸= 2, 3 to get to the short Weierstrass form.

2. We get y2 = x3 − 1
48x + 1

864 − td . Coefficients should be
integral thus we take λ = 2 · 3 to multiply λ4 to − 1

48 and λ6

to + 1
864 − td .

3. We arrive at y2 = x3 − 27x + 54− 26 · 36 · td thus
[− 1

48 : 1
864 − td ] = [−27 : 54− 26 · 36 · td ].

4. Remember the isomorphism, for any λ ∈ Gm[
y2 = x3 + Ax + B

] ∼= [
y2 = x3 + λ4 · Ax + λ6 · B

]
via x 7→ λ−2 · x and y 7→ λ−3 · y by the Weighted
homogeneous coordinate of P(4, 6).





1. The corresponding elliptic surface has a fiber of Kodaira type
Id at zero (at t = 0), while the fiber at infinity (at 1/t = 0) is
given by the congruence class d of d modulo 6 : (d ,Θ)
(0, I0) (1, II

∗) (2, IV∗) (3, I∗0) (4, IV) (5, II)

2. Outside char 2, 3, there are d fibres of type I1 at the zeroes of
432td − 1 (some of which may be merged if char(k)|d).

Ulmer’s proof shows that as the height of Ulmer’s curve goes up as
n = 1 +

⌊
d−1
6

⌋
→ ∞, the algebraic/analytic rank r goes up to ∞.



Sketch of Ulmer’s proof

1. Construct an elliptic surface S → P1 over Fp with generic
fiber E : y2 + xy = x3 − td for d = pn + 1 and n ∈ Z+.

2. Construct (and carefully study) a birational isomorphism
between S and Fd/G , the quotient of a Fermat surface i.e.
V (xd + yd + zd + wd) ⊂ P3 (d = 4 then it is K3 surface).

3. Using the fact that the Tate conjecture for surfaces is known
for Fermat surfaces, one can deduce the Tate conjecture for S .

4. Use the fact that the Tate conjecture for S implies the Birch
and Swinnerton-Dyer conjecture for E . Thus the ranks of the
elliptic curves in the family all equal their analytic ranks.

5. The analytic ranks can be computed by relating the
L-function of E to the zeta function of S , which can be
related to the zeta function of Fd , which is known by Gauss
sum computation of Weil. From this one is able to compute
the analytic rank which is unbounded from below.



Shioda–Tate and Mordell–Weil rank

For a Jacobian elliptic surface S → P1
C, the Shioda–Tate formula gives

ρ(S) = 2︸︷︷︸
fibre and zero section

+
∑
v

(mv − 1)︸ ︷︷ ︸
reducible fibres

+rkES(C(t)).

Here ρ(S) = rkNS(S) and mv is the number of irreducible components
of the fibre over v .

On the squarefree-discriminant locus

Every singular fibre has type I1. Thus mv = 1 for every v , and

ρ(S) = 2 + rkES(C(t)).

Consequently, while every singular fibre remains of type I1,

Picard-rank jump ⇐⇒ Mordell–Weil rank jump.

Integral (1, 1)-classes independent modulo the fibre and zero-section
classes give independent Mordell–Weil sections.



Ramification points and period equations

Let n ≥ 2. Suppose every singular fibre of S has type I1 and the
classifying map

φS : P1 −→ M1,1

has reduced stack-theoretic ramification divisor. Its support consists of
N = 10n − 2 distinct points p1, . . . , pN . Each pi determines a
deformation direction ti and a class ηi in primitive (1, 1)-cohomology.

Period equations

Let γ be an integral class orthogonal to the fibre and zero-section classes,
and choose a local holomorphic frame ω0(t), . . . , ωn−2(t) of holomorphic
two-forms. Put

Φγ(t) =
(
γ · ω0(t), . . . , γ · ωn−2(t)

)
.

The Lefschetz (1, 1) theorem gives

γ is algebraic on St ⇐⇒ Φγ(t) = 0.

One integral class gives n − 1 period equations. Evaluation at distinct
ramification points gives the Vandermonde minors proving transversality.



Nearby elliptic surfaces acquire independent sections

Analytically dense Mordell-Weil rank jumps - Park

Let n ≥ 2 and let r be an integer satisfying

1 ≤ r ≤
⌊
10n − 2

n − 1

⌋
Every analytic neighbourhood of every minimal Jacobian elliptic surface
of height n contains infinitely many pairwise non-isomorphic surfaces
with only I1 singular fibres and r independent sections.

Canonical heights of the chosen sections can be made arbitrarily large.

The transverse range is determined by

r(n − 1)︸ ︷︷ ︸
period equations

≤ 10n − 2︸ ︷︷ ︸
deformation directions

Thus the theorem applies to

r ≤ 18 (n = 2), r ≤ 14 (n = 3), r ≤ 10 (n ≥ 10)



Thank you!


